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Abstract

This thesis is dealing about correction and improvement of modern

industrial robot applications. Focussing on the non-linear correction

of robot linear tracks, it is minimizing the 6-dimensional error of the

reached robot points in applications. Due to the compensation of the

gap between simulated robot cell and real application, the output of

o�ine robot program points without the need for online correction

is signi�cantly increased. The improvement is mainly reached by the

continuous mathematical description of the practical linear track ge-

ometry.
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1 Introduction

In modern industrial robot applications, the demands for �exible automation
are increasing with the growing span of technical solutions which are imple-
mented today. Intelligent sensing, realized by vision systems, complex force
feedback sensors or any other mechanisms enables the robot system to adapt
itself to changing situations and tasks.

Proportional to the increased intelligence and more important to the in-
creased complexity, the e�ort for setting up the robot system is also getting
more. Not considered in many industrial applications today, a proper setup
of the robot with integrated calibration of its peripherals is providing the
needed quality of the tasks which are executed by the robot.

In�uences of peripheral components will take crucial e�ect on the resulting
quality performance, even if highly accurate robots are used in the appli-
cation. Positional and rotational in�uences caused by non-calibrated linear
track or incorrect determined robot tool data can be avoided with a mini-
mum e�ort in time and money.

The result of this thesis is a decreasing of the e�ort for creation of a success-
ful working robot application and besides this also increasing the resulting
quality of ful�lled tasks. It gives an overview about the common problems
occurring during setup and explains e�ects and in�uences of various parts of
the robot system.

The focussed main goal of this thesis, which is reached by new methods
for measuring and modeling of the linear track, is the reduction of the devi-
ation between CAD model and real behavior of the robot system.

This thesis is minimizing the gap between o�ine and online world in mod-
ern robotics under main focus to used linear tracks. This is an important
contribution and an improvement of the common setup process for industrial
robot application resulting in cost and time savings.
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2 Background and related work

The current state of the art in automotive sector of industrial robotics is
focussed on robot program construction under usage of CAD-systems. A
successful automation of the robot program creation is linked to several con-
ditions to the setup of the application and required exactness.

This thesis is combining multiple di�erent �elds of investigation concern-
ing robot applications. Relating to this, existing methods and systems were
extended and optimized during integration process for the creation of a strat-
egy for online correction minimization.

For the �rst step, the analyzation of the robot system, [3] is building a
basic part of my investigations and contributions. The work deals with the
automated evaluation of robot programs and was the initiator for this thesis.
It shows methods for e�cient analyzation of static and also dynamic robot
movements, everything together integrated in a software module.

The mentioned linear track analysis was started in [27]. It is re�ned by
the automated correction, mentioned in [25] and a description of the method
explained in subchapter 4.3.

Concerning the problem of copy and mirror robot programs, [24] is giving a
detailed overview about the problematic. It has also an interesting approach
about needed tool con�gurations for an successful mirroring.

Further interesting steps for the analyzation of the error propagation can
be found in [26]. The implemented simulation of various parts of the robot
cell has given an useful entry into the accuracy analyzation of the application.

All mentioned documents were supported by the author in pre-phase of this
thesis. They were planned to build a foundation for the contributions which
are made in this work.
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3 Robot

3.1 Introduction

An upcoming dispute about the question "What is a robot?" was the reason
of an arguing discussion in the crowded hall of the St. Martin theater in Lon-
don. Initiator was the appearance of the drama "Rossums Universal Robot
(R.U.R)" [1] by Karel Čapek (1890 - 1938). The questioner gave himself the
answer later: ".... A being without individuality and initiative, which has to
ful�ll every command given to him".

Based on the increasing �exible automation, today robots are used in dif-
ferent varieties of applications. They help to accelerate, improve, secure
or automate working processes. Famous example applications of robots are
checking tubes, secure bombs, help physically disadvantaged people or con-
struct houses. This is only a tiny facet of the whole possible �eld of applica-
tions.

This thesis is dealing with industrial robots, which are commonly used in
automotive industry. Application tasks for such robots, for example, are
point welding, sealing or part handling. To ful�ll the �rst law of robotics,
that the robot is exactly doing what he was programmed, in this work a
small part is mentioned, out of the various aspects which have to be taken
in consideration - robot movement accuracy.

For respecting this law of robotics, exact movement like programmed, the
movement exactness of the robot has to be exactly the same in reality and
theory. In reality, this perfect movement is in�uenced by many di�erent
parts of the robot system. To achieve in real applications a compromise to
the impossible high accuracy, the needed accuracy to ful�ll the application
task is analyzed and the robot adjustments adapted to them. The robot is
always expected to be as accurate as possible, but for practical application
it is su�cient if the demanded accuracies are reached. This demands can
extremely vary, depending on the di�erent application needs.
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For an analysis of the robots accuracy, the robots tool is measured in static
points and movements. Measurement of the robot means in this case a
3-dimensional detection of a �xed point on the robot using an appropriate
measurement system. This �xed point for the accuracy analyses is the robots
tool center point (TCP).

For the determination of the robots accuracy, the measured 3-dimensional
positions of the TCP can be compared to the programmed points in the
robot control. Based on an european standard for the determination of robot
accuracies [2], the key parameters to describe the resulting exactness in the
robot movements can be calculated.

To simplify this calculation for the user, a software (section 4.8) was im-
plemented during this work. Taking the measured robot TCP positions and
movements during the accuracy test, it calculates the accuracy parameter
of the robot automatically. Additionally, diagrams for a quick overview or
usable for error component identi�cation are generated and displayed. The
software is presented in section 5.1 followed by some example analysis results.

3.2 Static robot accuracy

For many applications today, only the static accuracy of the robot is impor-
tant. For tasks like point welding on a car body, it is needed that the robot
is moving exactly to a programmed position. Otherwise, the remaining de-
viation between teached position and the real reached position of the robots
TCP is the inexactness of the welding position.

For TCP movement trajectory planning, a set of movement and control com-
mands - the robot program - has to be created and provided to the robot
control. This program is written in a robot-speci�c language (for example
KRL or RAPID) and can be created in an o�ine or in an online way of
programming [70].

The basic way of programming the robot is the online programming mode.
In this case, the robot is moved to its �nal application positions and the
corresponding coordinates of the TCP are stored into the robot program.
The exact coordinates for each so-called "teached" position of the TCP are
delivered by the joint angle encoders of the robot.
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Online robot programming o�ers an easy compensation of all occurring error
in�uences to the robot system. Implicit compensation by teaching desired
TCP positions manually is a time-consuming, but exact way of programming.
The resulting accuracy during application run is then only in�uenced by the
robot ability to move exactly to the same teached point again, the robots
repeatability.

Besides of this accuracy advantage, the online programming of an indus-
trial robot is combined with much human e�ort. The robot has to be moved
by hand exactly to every application point and this point has to be stored
into the robot program. This time-consuming procedure has, during increas-
ing complexity of the applications, brought new ideas how to improve the
programming process.

Using special simulation programs for virtual emulation of the robots move-
ments, nowadays robot programs can be created in an o�ine programming
mode. The user can move the robot virtually in CAD environment to an
application point and store the TCP position in a robot program. Into the
simulation program, all information about the CAD positions of the appli-
cation cell components - especially the working objects - are integrated.

The program mode is called o�ine, because there is no need for the user,
to stay at the robot for teaching the application points. The programs can
just be programmed in o�ce, while the robot application can be used in ap-
plication. This gives a huge amount of e�ectiveness and time savings to the
programming process and is a common used method today in automotive
industry.

A crucial weakness point of the online programming mode is the fact, that
the simulation software is calculating all robot TCP positions based on a set
of CAD data and - most important - on the fact, that the robot is perfectly
moving like the simulation model of the robot. The real movement of the
robot TCP will always di�er from this theoretical model, due to the robots
inaccuracy. Depending on the robots accuracy, the resulting program is more
or less usable in an application. A 100%-usage of the o�ine teached robot
programs is not reached yet in high accuracy applications. In common case,
the user has to adapt a subset of the online programmed points. But this
subset is only a percentage of all application points and can be corrected
with reasonable e�ort.
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3.2.1 ISO 9283

This international standard describes, how to test an industrial robot to iden-
tify its static and dynamic accuracy. A 6-dimensional pose accuracy in the
static case of a robots TCP is divided into positional and repeating accuracy.
The two di�erent parameters can be calculated on measurement data of the
same test run, but are calculated in di�erent ways.

Positional accuracy

The deviation between a programmed robot position and its real �nal move-
ment position after swinging, is described in the standard as positional accu-
racy. This deviation is calculated by using the mean value of deviations dur-
ing a special test run with moving multiple times to one test point. The �nal
positional accuracy is de�ned by the deviation between the center-of-gravity
of this test runs and the programmed position. The orientation accuracy is
calculated similary.

Figure 1: Relation between teached and measured TCP position (taken from
[2])
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Figure 1 displays the di�erent positions during the test run for determination
of the static accuracy. The programmed robot TCP position, stored in the
robot program and processed by the robot control can be found as point "4"
and is described by the coordinates xc, yc and zc. The measured positions
are described by point "3" and uses the coordinates xj, yj and zj.

The absolute positional deviation APp can now be calculated using the cor-
responding deviations for each single direction by:

APp =
√
AP 2

x + AP 2
y + AP 2

z (1)

To get the single direction deviations, the di�erence between teached po-
sition and the mean of the measured positions is calculated by:

APx = (x̄− xc), APy = (ȳ − yc), APz = (z̄ − zc) (2)

using

x̄ =
1

n

n∑

j=1

xj, ȳ =
1

n

n∑

j=1

yj, z̄ =
1

n

n∑

j=1

zj (3)

so that the point de�ned by x̄, ȳ and z̄ is the center of gravity for the n
measured points during the test move.
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The missing accuracy parameter to describe the 6-dimesional static accuracy
is given by calculation of the orientation devitation. The calculation of the
di�erences between given and measured orientation is equal to the procedure
for calculation of APp:

APa = (ā− ac), APb = (b̄− bc), APc = (c̄− cc) (4)

where a, b and c are representing the three di�erent angles with:

ā =
1

n

n∑

j=1

aj, b̄ =
1

n

n∑

j=1

bj, c̄ =
1

n

n∑

j=1

cj (5)

Di�erent to APp, the single orientation deviations are not combined together.
The absolute static positional accuracy is represented by APp and the three
orientation parameters APa, APb and APc.

Repeating accuracy

Once determined the static positional accuracy, it is possible to make pre-
dictions about how accurate the robot is able to move to one given TCP
position. Like mentioned before, this is an important accuracy parameter for
o�ine programming.

In case of online programming, the robot should only be capable to move to
a prior teached position again. The repeating accuracy of the robot describes
this, using four di�erent parametes: The positional repeating accuracy RPl
and the orientation accuracy departed into three parameters RPa, RPb and
RPc.

To reach a prior TCP position again is easier for the robot because the
robots repeating accuracy is normally 5 to 10 times better than the absolute
accuracy.
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An identi�cation of the repeating accuracy can be done based on the mea-
surement results of the static accuracy test run with slightly adapting the
calculation. The parameter RPl de�nes the 3σ-intervall and with this the
radius of a sphere, in which 99.7% of the measured positions are integrated
(see equation 7). It is won out of the mean value l̄ of the single deviations lj:

l̄ =
1

n

n∑

j=1

lj with lj =
√

(xj − x̄)2 + (yj − ȳ)2 + (zj − z̄)2 (6)

Slightly di�erent to the positional accuracy, the �nal repeating accuracy is
given by RPl as the radius of the deviation ball and a triple standard devia-
tion of the positional de�ections:

RPl = l̄ + 3 · Sl (7)

using

Sl =

√√√√
∑n
j=1(lj − l̄)2

(n− 1)
(8)

The corresponding orientation repeating accuracy is calculated by getting
the standard deviations of the measured orientations to their mean value in
every single degree of freedom. With this, even for the orientation repeating
accuracy there are three di�erent parameters:

RPa = ±3Sa = ±3

√√√√
∑n
j=1(aj − ā)2

(n− 1)
(9)

RPb = ±3Sb = ±3

√√√√
∑n
j=1(bj − b̄)2

(n− 1)
(10)

RPc = ±3Sc = ±3

√√√√
∑n
j=1(cj − c̄)2

(n− 1)
(11)
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3.3 In�uences on the static accuracy

The possible in�uences of the robot, which are decreasing the static accuracy
can basically be divided into two di�erent parts. On the one hand, there is
a group of in�uences, which are formed by model parameter deviation. In
case of inaccurate geometrical parameters, the transformations for position
calculation can not be calculated exactly. This results in a wrong or at least
not accurate calculation of the robots TCP position.

All in�uences, which are deviated from the theoretical set of parameters
are bunched together to this so-called primary error in�uences. The primary
error in�uences can be avoided by an appropriate identi�cation method, men-
tioned in [5].

On the other hand, there are the secondary error in�uences. These are all
non-deterministic error components and even all components, which can not
be identi�ed by [5]. In the following parts of the chapter, some example error
in�uences are mentioned.

3.3.1 Primary in�uences

The sorting of error in�uences into primary and secondary bases on the used
algorithm for identi�cation. In this thesis the algorithm mentioned in [64] is
used and all following sortings are based on this.

Robot base frame

For o�ine programming of industrial robots it is needed to identify the robot
base frame in world frame coordinates. This identi�cation can be done in
di�erent ways, using more or less accurate measurement devices, or even the
robot itself.
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2 STATISCHE GENAUIGKEITSANALYSE 10

2.2.1 Primäre Fehler

In diesem Abschnitt werden einige derjenigen Fehler erläutert, die durch Iden-

tifikation der Modellparameter behoben werden können. Die Zuordnung der

Fehlerursachen nach
”
primär“ und

”
sekundär“ ist abhängig vom Identifika-

tionsalgorithmus und wird hier nach [5] erläutert.

Fehler in der Bestimmung zwischen Roboterbasis-Koordinatensys-

tem und Referenz-Koordinatensystem

Wird das Roboterbasis-Koordinatensystem im Welt-Koordinatensystem falsch

berechnet, so entsteht ein von der Entfernung zum Koordinatenursprung pro-

portionaler Positionierungsfehler. Zur Verdeutlichung sei ein triviales Beispiel

gegeben: Das Roboterkoordinatensystem sei um 0,5 Grad um die y-Achse ver-

dreht. Dies bedeutet, dass alle Wege in der x,z-Ebene einen Fehler aufweisen

werden. Würde zum Beispiel eine Bewegung entlang der x-Achse abgefahren

werden, so würde der Roboter einer um 0,5 Grad von der Sollgerade wegge-

drehten Geraden folgen.

Z

Y

X

Z’

Y’

X’

Abbildung 3: Fehler bei der Roboterbasis-BestimmungFigure 2: Error in robot base frame identi�cation

Deviations in identi�cation of the robot base frame are linear errors, which
are getting higher with TCP-positions far from the robot base. For example,
an deviation of 0.5 degree after base frame identi�cation results in a posi-
tional error of several millimeter.

How accurate the base frame can be identi�ed and how many measurement
positions have to be used for identi�cation is explained in [8].
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Dimension errors

For getting the current TCP-position of the end e�ector, the robot calculates
its reverse transformation. For this, the current values of the joint angle en-
coders are read and processed with a set of Denavit-Hartenberg-Parameters
(DHP) [5].

A1

A2

A3

A4

A5

Figure 3: Dimension error in A3

For an exact calculation of the current TCP position the DHP have to be as
perfectly �tting to the real robot model as possible. Generally, these param-
eters are adapted to the robots theoretical CAD-model with di�erences in
the size and angles of the used parts of the real model. A post identi�cation
of the DHP (see [9]) can be done using a high-accurate measurement system
to minimize the dimension errors.
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Elasticity of kinematic chains

During robot arm movements, a di�cult composition of forces is taking its
in�uence on the joint motors. Due to a limited sti�ness of the robot arm
components, the TCP positions which were planned by the robot control
theoretically, are in�uenced practically by deformations of the robot arm.
Dependent on the current TCP position and tool weight, these deformations
are taking more or less part to the resulting robot accuracy.

In case of TCP positions with a long absolute vector in robot base frame,
so at all points with long distance from the robot base origin, the arm has
to be stretched out to reach the position. In consequence, the gravity lever
working on the joints - respectively on the motors and gears - is increased by
the joint angle position.

2 STATISCHE GENAUIGKEITSANALYSE 13

Abbildung 5: Abweichung durch Elastizität (aus [5])

Getriebesteifigkeit

Wie bei der Elastizität der kinematischen Kette, führt auch die endliche

Steifigkeit der Getriebe des Roboters zu Fehlern. Steht der Greifer an einer

bestimmten Position im Raum, wirkt ein entsprechendes Moment auf die

Getriebezähne. Diese verformen sich, genau wie die Armteile des Roboters

auch, entsprechend der auf sie einwirkenden Kraft. Diese ist um so größer, je

länger der Hebel des Armteiles ist.

Auch hier gilt, je weiter der Roboterarm gestreckt wird, desto größer sind

die Verbiegungsfehler.

Figure 4: Positional de�ection caused by �exibilities

Increasing moments and forces on the metal parts of the robot arm are caus-
ing deformations based on the part �exibilities. With that, the deformation
of the robot arm components is depending on the current arm position and
even increased during movement positions at the outer zone of the working
range of the robot.
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3.3.2 Secondary in�uences

As already mentioned, every error in�uence part, which can not be identi-
�ed by the chosen method for parameter identi�cation, is categorised in this
thesis into the secondary in�uences on the robots static accuracy. Integrated
into this category, there are also non-deterministic error in�uences.

Sensor and processing errors

For one movement of the robots TCP to a dedicated 6-dimensional posi-
tion in its working area, the robot control has to calculate the appropriate
movements of every single joint of the robot. Like explained in chapter 3.2,
the real movement of the robot TCP is never like the theoretical movement
calculated by the robot control, because of several error in�uences.

To construct a closed loop control for the position of the robots TCP, the
robot control has to get a feedback signal of the angle sensor of every robot
joint. These angle encoders can be realized in di�erent sensor types like re-
solver, incremental optical or absolute optical encoders for example.

Each of the sensor systems has got its advantages and for sure even dis-
advantages. As a basic fact, every angle encoder will have got a limited
measurement resolution. This inexactness in measurement of the current an-
gle is even forced by a clocked output timing. Working with a �xed sampling
rate, the robot control will request the angle values every n ms from the
encoders.

During the closed loop control of the TCP position while moving, the angles
of the single joints can on the one hand be only resoluted in a limited way,
and on the other hand only processed with a �xed sampling rate. In a the-
oretic optimal case, in which all other robot in�uences could be eliminated,
the resulting robot accuracy would still be dominated by the error during
sensoring and discrete processing of the sensor results by the robot control.
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Gear loss

In general, the gears of the robot arm joints are stressed with two di�er-
ent main error components. The �exibility of the used material of the gear
wheels has got a �exibility which causes de�ections proportional to the ad-
jacent forces. This was mentioned in subchapter 3.3.1.

The second occuring e�ect are the gear losses. For getting a compromise
between longlivity and accuracy, every gear wheel has got a small gap to its
neighbor gear wheel in the gear box. This gap is needed for a compensation
of the tensions during movements of the robot arm.

A very small gap between two gear wheels would cause in much friction
during its working, increased by the moments and forces on the gear wheels.
With increasing friction, the material lost is even increased and the mean
time before failure (MTBF) of the whole gear box is decreased.

With an increasing of the gap size, the accuracy of the gear box is getting
worse due to the "tooth jump"-e�ect. If one joint has to change its movement
direction during a TCP movement, the direction of the force on the tooth on
the gear wheels is also �ipped. But caused by the small gap between the gear
tooth, a �ipping of the movement direction of the gear wheel also includes a
bridging of the gap.

To get from one gear tooth to the next gear tooth during direction �ip-
ping, the gap has to be "jumped". This jump is a small movement of the
gear wheel with no e�ect to the robots TCP. The robot control is calculating
a rotation angle for the joint, which does not result in the assumed posi-
tion. Due to this fact, the gear losses are causing an error component to the
accuracy of the robot system.
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Temperature drift

Every deviation of the real robot from its theoretical model integrated in
the robot control is causing di�erences between real and calculated robot
TCP position. An exact set of geometrical parameters for the robot is a base
for a proper calculation of the robots transformations [9].

Once adapted the geometrical parameters of the robot to its real model,
the resulting accuracy is only constant, if assumed that the robot parts are
not changing in size. But during changes of the outside temperature of the
robots application place, the used parts are underlying an extension or con-
traction.

These are deviations from the calculated geometrical parameters, resulting
in the already mentioned positional problems. Due to a temperature com-
pensation of this parameters, adapted to the environment temperature, this
error components can widely be eliminated.

Overall, there are multiple in�uences to the robots accuracy, caused by the
various components and systems of a robot application system. The in�u-
ences mentioned in this thesis are to give a rough overview about critical
parts of the complicated system of di�erent error in�uences.

3.4 Dynamic robot accuracy

Today many robot applications are focussing on the dynamic behaviors of in-
dustrial robots [69]. Moving a programmed path, it is important for the user,
how quickly the robot can process its generated program for ful�lling his task.

With every increasing of the applied movement speed during application,
the time for one workpiece to apply is decreasing. The created output of
applied workpieces per hour is a value to measure the e�ciency of the robot
application.

Important during the increasing of the movement speed, is a compromise be-
tween velocity and quality of the application. Using an increased application
speed, the error in�uences on the robot are increasing also and the resulting
accuracy will go down to a level, which will be insu�cient for the application.

To implement the requested complex movement trajectories of todays ap-
plications, simple point-to-point movement commands are not longer appli-



3 ROBOT 28

cable. Today modern robots provide a wide set of di�erent instructions to
adapt the complexity of the robot programs to the needed demands of the
application.

Special movement instructions for programming of geometrical shapes like
semi-circles or elliptic shaped curves for example, are nowadays included
into the standard robot instruction set. Using this instruction sets, nearly
all complex movement geometries can be programmed with a justi�able ef-
fort in time.

But the real moving of the TCP depends on the used speed more or less
deviating from the programmed geometries. As a simple example for this
behavior, there is an easy-to-implement edge movement. A simply composi-
tion of two linear movements, perpendicular hitting each other, is in reality
not possible for the robot to move along this programmed path (see section
3.4.2).

Di�erent e�ects are even here in�uencing the robot [67], [68], [71]. One of the
most crucial one is the increasing mass inertia during high speed movements.
Like the static accuracy, it is even appointed by the ISO 9283 how to test
a robots dynamic accuracy, to get qualitative predictions about its dynamic
behavior.

3.4.1 ISO 9283

Like in static case, the ISO 9283 de�nes two di�erent indicators, which de-
scribe the dynamic accuracy of industrial robots. The dynamic in�uences
during robot movements are depending on several predictions like for example
movement speed, applied tool weight and moved geometry. The de�nition,
how accurate an industrial robot is able to move along a given trajectory, is
given by the parameter AT in the ISO 9283. More exactly it is the de�nition
how accurate the TCP of the robot can be moved n-times along the same
path in the same direction.

Two di�erent factors together are representing the dynamic accuracy: the
positional path accuracy ATp and the composed orientation path accuracy
ATa, ATb and ATc. The positional path accuracy ATp represents the devi-
ations between the given line and the center-of-gravity of all measure lines,
the orientation path accuracy equally for orientations.
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In �gure 5 it is illustrated, how the positional path accuracy ATp can be
calculated. "3" is showing the programmed trajectory, which the robots
TCP is supposed to move on. The center-of-gravity line of the measured
movements is shown in "1", which can be seen is shifted by ATpi.

Figure 5: Dynamic path accuracy (taken from [2])

One sample measured movement is displayed by "2", which line is situated in
a tube around the teached path "3". This tube is constructed using the path
repetition accuracy RTpi, explained later in this chapter. The deviations of
the measured TCP positions to the teached trajectory are always calculated
perpendicular to "3", as can be seen by "4". The mean value of the real
movement paths is depicted by line "1".
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It can be calculated by:

ATpi =
√

(x̄i − xci)2 + (ȳi − yci)2 + (z̄i − zci)2, i = 1 . . .m (12)

with

x̄i =
1

n

n∑

j=1

xi ȳi =
1

n

n∑

j=1

yi z̄i =
1

n

n∑

j=1

zi (13)

The coordinates x̄i, ȳi and z̄i are representing the center-of-gravity line of
the measurements. The appropriate point on the teached line is described
by xci, yci and zci, to which the perpendicular plane was constructed.

The accuracy during dynamic processes is also expressed in a 6-dimensional
way. Additionally to the accuracy in x, y and z, the orientation path accu-
racy can be expressed by three components ATa, ATb and ATc. These are
expressing the maximum orientation deviation from the teached trajectory
in each single orientation direction:

ATa = max|āi − aci|, i = 1 . . .m (14)

ATb = max|b̄i − bci|, i = 1 . . .m (15)

ATc = max|c̄i − cci|, i = 1 . . .m (16)

with

āi =
1

n

n∑

j=1

aij b̄i =
1

n

n∑

j=1

bij c̄i =
1

n

n∑

j=1

cij (17)

The teached orientations in a single point (xci, yci, zci) are described by
aci, bci and cci. āi, b̄i and c̄i are representing the mean values of the measured
orientations.
As shown in �gure 5, the tube around the teached trajectory is de�ned by the
path repeating accuracy. Even equal to the static case, it can be described
as the exactness, which can be achieved by the robot to repeat a special
movement.
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In many applications the path repeating accuracy RTp (see �gure 5) is used
to classify the robot. A teached movement is optimized in practical applica-
tion and then only repeated by the robot. If the online programming method
was used for construction of the robot program, RTp is an important factor
for the application accuracy.

The radius of the tube spanning around the teached path related to ISO
9283 is the zone, in which 99,7% of the measured points are located. It is
the deviation of the teached trajectory to the center-of-gravity line of the
measured trajectory, including a triple standard deviation of Gaussian dis-
tribution:

RTp = maxRTpi = max[l̄i + 3Sli], i = l . . .m (18)

with

l̄i =
1

n

n∑

j=1

lij and lij =
√

(xij − x̄i)2 + (yij − ȳi)2 + (zij − z̄i)2 (19)

The standard deviation can be calculated in common way:

Sli =

√√√√
∑n
j=1(lij − l̄i)2

n− 1
(20)

With that, the orientation repeating path accuracy is constructed and calcu-
lated equally to the prior mentioned, out of the maximum of the di�erences
of the single orientations:

RTa = max


3 ·

√∑n
j=1(aij − āi)2

n− 1


 (21)

RTb = max


3 ·

√√√√
∑n
j=1(bij − b̄i)2

n− 1


 (22)

RTc = max


3 ·

√∑n
j=1(cij − c̄i)2

n− 1


 (23)
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3.4.2 Dynamic behavior and in�uences

A dynamic analysis of robot movements [30], [28] brings new aspects of in-
�uences on the board. The measurements are now not longer taken in a
static position of the TCP to check if the programmed and real reached TCP
positions are �tting.

The dynamic measurement of TCP movements is a much more complex
task than static checks. Based on the sampling rate and resolution of the
used measurement system, the movement speed of the robots TCP has to
be adapted. Even the in�uences to the robot system are shifted to a more
complex set of in�uences, basically to velocity-based forces like centrifugal
force, coriolis force or mass inertia.

The following in�uences are only a small facet out of the wide compound
of di�erent dynamic error in�uences. They should give an overview and a
feeling which in�uences can decrease the accuracy of an even high-accurate
calibrated robots, down to an insu�cient level for the application.

Swing over

A quite common task in todays robot applications is a movement along a
90-degree edge. This geometrical structure, constructed of two straight lines
perpendicular to each other is used in nearly every robot program. The the-
oretical movement along this geometry should be an exact positioning of the
TCP on this straight line in every point using a constant movement velocity.

In practical sense, this movement is quite easy structured, but for the robot
impossible to move. Using a given constant velocity of the TCP and the pre-
diction not to leave the teached path, the robot has to break this prediction
due to several reasons. Assuming a theoretical case, that the robots static
accuracy will be perfect, so that the path points are reached exactly during
start.

Refering to �gure 6, the robot will leave the programmed path directly after
starting its movement in point P1. The acceleration of the robots TCP is
causing in moments and forces, which take part that the robot arm will have
deformations based on the limited sti�ness of the robot arm parts.
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P1P2

P3

Abbildung 7: Beipiel eines Überschwingers an einer Knickstelle

Gerade bei Bewegungen mit hohen Geschwindigkeiten tritt der E!ekt des

Überschwingens deutlich auf. Ursache für das Überschwingverhalten ist die

Massenträgheit in Verbindung mit der Elastizität des Roboterarms. Durch

den plötzlich gewünschten Richtungswechsel treten hohe Beschleunigungen

am Roboterarm auf, die dazu führen, dass durch die Massenträgheit das Tool

seine Richtung nicht ändert, sondern der Roboterarm auf Grund seiner Ela-

stizität verbogen wird.

Anschließend federt der Arm wieder in die ursprüngliche Position zurück,

was ein langsames Ausschwingen bewirkt. Wirkt bei der weiteren Geraden-

fahrt nicht mehr die Beschleunigung auf Grund der Richtungsänderrung auf

den Arm, so kann der Roboter der vorgebenen Geraden wieder innerhalb

seiner Bahn-Genauigkeit folgen.

Figure 6: Dynamic swing over

Once accelerated, the movement of the TCP along the edge with constant
speed is disabled by the possible maximum power of the joint motors, com-
bined again with the �exibility of the arm parts. To change the movement
direction of the robots TCP by 90 degree exactly at the edge in P2, a theo-
retical in�nite acceleration of the TCP would be necessary for that.

This in�nite acceleration can in reality not be ful�lled by the joint motors.
Even in a theoretical case, if the motors would be provided with such power,
the resulting moments and forces on the robot arm will be in�nite and would
cause positional de�ections due to �exibilities.

The red movement, like shown in �gure 6 is a common robot behavior and is
on the one hand based on the arm �exibilities, on the other hand caused by
the late reaction of the closed-loop position control of the robot. The swing
over e�ect is increased by higher movement velocities and causing in todays
applications still a needed compromise between path accuracy and movement
velocity. The oscillation depicted in �gure 6 can even be represented by a
curve movement, cutting the program edge movement to decrease the needed
moments of inertia.
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Interpolation calculation

Another example e�ect of possible in�uences on the robot dynamic accu-
racy are the interpolation errors of the robot control [72], [41]. These can be
focussed in a static and in a dynamic way of sight. In the static way, the
interpolation of a geometrical structure - for example a semi-circle - is based
on single �xed points, given to describe the geometry.

In case of a semi-circle, this points would be the points for start and end
position of a curve movement followed by a middle position point to describe
the radius of the curve. To interpolate this movement into many sampling
positions between start and end point, the robot control will analyze the
three given points, to calculate the shape of the semi-circle and all needed
sampling points.

In a static way of sight, this is su�cient for moving the robot to each sampling
position of the interpolation, with a single stop in every point. But taking
consideration to a dynamic movement without stopping at this sampling po-
sitions and with even high-speed movements, it will be di�erent. Besides of
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Fehlinterpolation

Am Beispiel einer abzufahrenden Kreisbahn kann eine weitere auftauchen-

de Fehlerursache festgestellt werden. Um die Kreisbahn abfahren zu können,

bekommt der Roboter interpolierte Stützwerte von der Steuerung, die ih-

rerseits für einen Halbkreis nur drei Punkte benötigt, Anfangs-, End- und

Stützpunkt.

P2P1

Abbildung 8: Beispiel einer Fehlinterpolation

Neben den Überschwinge!ekten, die zuvor angesprochen wurden und einen

last- und geschwindigkeitsabhängigen Fehler bewirken, treten hierbei noch

Genauigkeitsverluste durch Fehlinterpolation der dem Roboter übermittel-

ten Kreisstützpunkte auf.

Figure 7: Inaccurate IPO calculation

swing-overs which have been mentioned before, the velocity-dependent in-
�uences on the robot arm are not completely taken into consideration by
the robot control during interpolation. For this case, the interpolation re-
sult is not based on the real circumstances of the application, which leads to
deviations in the movements.
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3.5 Analysis of the robots accuracy

Qualitative predictions about robot accuracy are in nearly all cases strongly
depending on the application. Robots in painting applications for exam-
ple will have lower demands to the positional accuracy than robots in spot
welding applications. To identify the needed accuracy parameters and its
tolerances to guaranty a well working application, is in most of the cases
combined with much e�ort in measurement and documentation.

In the next part of this chapter, an example analysis of a modern industrial
robot is done, to show the practical meaning of acquiring and visualization
of measurement data. The calculations are mostly based on the ISO 9283 to
focus on the standard of determination of robot accuracy.

In later parts of this thesis (subchapter 5.1), an automated software is pre-
sented, which is generating a complete set of documentations and visualiza-
tions out of a measured set of robot test runs. The measurement results
presented in the examples of this chapter are processed directly, using Mi-
crosoft Excel for numeric operations.

3.5.1 Robot base frame identi�cation

Figure 8: Coordinate frames
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For a comparison of the measured TCP positions to the stored points in the
robot program, it is needed to calculate the transformation between measu-
rement system and robot. For this step, the position and orientation of the
robot base frame has to be identi�ed in the coordinate frame of the measu-
rement system (see �gure 8).

This identi�cation can be done by measurement of several di�erent TCP
positions of the robot [38]. The measurements can be taken statically and
the positions have to be spread into the robots working area, to verify an
equal in�uence to the robots accuracy distributed in the used working space
(�gure 9).

Figure 9: Measurement of TCP points

The measured point coordinates for the analyzation of the robots accu-
racy can be converted from the measurement frame representation into the
robot base frame representation. This can be done by the measurement
system directly during measurement. The only needed information is the 6-
dimensional transformation from the measurement system frame to the robot
base frame.
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To calculate the transformation from the measurement system into the robot
system, two di�erent point sets are processed. The �rst is the set of measured
points A, the second set are the programmed robots TCP positions B. The
searched transformation is de�ned by ATB:

A~pi =A TB ·B ~pi (24)

with

ATB =




cos γ cosβ cos γ sinβ sinα− sin γ cosα cosα sinβ cos γ + sinα sin γ tx
sin γ cosβ sin γ sinβ sinα+ cosα cosβ sin γ sinβ cosα− cos γ sinα ty
− sinβ sinα cosβ cosβ cosα tz

0 0 0 1


 (25)

The matrix ATB is depending on 6 unknown variables, three of them for
cartesian shift (tx, ty, tz), the other three for rotation (α, β, γ). Therefore:

ATB = f(α, β, γ, tx, ty, tz) (26)

The multiplication of ATB with B~pi results in an equation set of three di�er-
ent equations for each measured point:

A~pi,x = (cos γ cos β) ·B ~pi,x + (cos γ sin β sinα− sin γ cosα) ·B ~pi,y
+(cosα sin β cos γ + sinα sin γ) ·B ~pi,z + tx (27)

A~pi,y = (sin γ cos β) ·B ~pi,x + (sin γ sin β sinα− cosα cos γ) ·B ~pi,y
+(sin γ sin β cosα− sinα cos γ) ·B ~pi,z + ty (28)

A~pi,z = (− sin β) ·B ~pi,x + (cos β sinα) ·B ~pi,y
+(cos β cosα) ·B ~pi,z + tz (29)



3 ROBOT 38

The 3n equations resulting from n measured positions, are building a huge
set of non-linear equations. The basic idea of calculating the resulting trans-
formation between measurement system and robot is to solve these equations.

A closed analytic solution for this problem is not possible due to the in-
accuracies of the robot. Additionally, the measurement system has got an
uncertainty for measurements [33], [34], which is more closely explained in
chapter 6. Really exact, compared to the robots absolute accuracy, the mea-
surement points can be assumed as �xed values.

Like already mentioned, the robot will not be able to move its TCP to the
programmed point coordinates. Based on this fact, the used point set which
is compared to the measurement points, is consisting of the desired TCP
coordinates plus an unknown o�set, caused by the robot inaccuracy.

Using a numeric method for linearization and solving of the equation set
[55], [37], [48], the well-known Newton method is applied [12]. It is used to
�nd the roots of the equations, which are changed to:

0 = (cos γ cos β) ·B ~pi,x + (cos γ sin β sinα− sin γ cosα) ·B ~pi,y
+(cosα sin β cos γ + sinα sin γ) ·B ~pi,z + tx −A ~pi,x (30)

0 = (sin γ cos β) ·B ~pi,x + (sin γ sin β sinα− cosα cos γ) ·B ~pi,y
+(sin γ sin β cosα− sinα cos γ) ·B ~pi,z + ty −A ~pi,y (31)

0 = (− sin β) ·B ~pi,x + (cos β sinα) ·B ~pi,y
+(cos β cosα) ·B ~pi,z + tz −A ~pi,z (32)

The solution of the equation set is represented by a 6-dimensional vector,
consisting of the values tx, ty, tz, α, β, γ. Based on the over-determined char-
acter of the equation set and the number of di�erent variables, the single
functions can not be simply di�erentiated.
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For construction of the di�erentiations for every equation in each direction,
the Jacobian Matrix is used [67]. Built from all possible di�erentiations this
matrix is:

J(~x) =




∂F1

∂α
∂F1

∂β
∂F1

∂γ
∂F1

∂tx
∂F1

∂ty
∂F1

∂tz
∂F2

∂α
∂F2

∂β
∂F2

∂γ
∂F2

∂tx
∂F2

∂ty
∂F2

∂tz
...

...
...

...
...

...
∂F3n

∂α
∂F3n

∂β
∂F3n

∂γ
∂F3n
∂tx

∂F3n

∂ty
∂F3n

∂tz




(33)

The Fn are representing the single functions of the 3n di�erent equations,
created by the n measured and programmed points. Assigned to the multi-
dimensional case, the Newton formula changes to:

f(x) ≈ f(x(n)) + J(x(n))(x− x(n)) (34)

The corresponding iteration description for x(n+1) is calculated by a sub-
stitution of f(x) by zero and x by x(n+1):

0 = f(x(n)) + J(x(n))(x(n+1) − x(n)) (35)

⇔ x(n+1) = x(n) − (J(x(n)))−1 · f(x(n)) (36)

For the construction of x(n+1) the Jacobian Matrix has to be inverted. Due to
its non-symmetric structure, a simple inversion of the matrix is not possible.
For this, the Pseudo Inverse of J(x(n)) [69] can be used for calculation.

The presented algorithm for �nding the transformation between measure-
ment device and robot is based on the Newton method. Many other meth-
ods [49], [50], [51] for this calculation are known and can be applied to this
problem, for example the least-squares �tting [12], which is faster in cal-
culation. Because of usage of the transformation before measurement start
and because of the fact, that it has only to be done one time, the standard
algorithm is explained here.



3 ROBOT 40

3.5.2 Case study 1: static accuracy

This chapter is providing a more practical illustration, how the results of
a static accuracy analysis looks like. As an example application, a high-
accurate tripod robot was measured. The task of this robot is to work on
a special plastic part to apply sealing mass into a small gap of the housing
(see �gure 10).

Figure 10: Example application

For a further improvement of the robots accuracy, it is using a laser-based ex-
ternal sensor, which is not taken into consideration for the accuracy test. The
test is only done using the robot itself, while measuring its TCP movements.
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Like described in chapter 3.5.1, at a �rst step, the robot base frame was iden-
ti�ed. This enables a comparison between the measured and programmed
TCP positions. At a next step, ten di�erent TCP positions were measured
in the application area of the robot. These points were programmed with
di�erent orientations, to emulate the real application behavior of the robot.

For all measurements, a non-contact measurement system consisting of a
Leica laser tracker LTD800 was used. This system is capable to measure ar-
bitrary 3D-positions in a measurement range of 15 meter in radius. A special
corner cube mirror was used for the re�ection of a laser beam and provided
a centric re�ection independent of the laser beam incidence angle. A very
detailed description of this measurement system is given in subchapter 6.1.

Point x (mm) y (mm) z (mm)
P1 -200,00 200,00 200,00
P2 -200,00 200,00 200,00
P3 200,00 0 200,00
P4 -200,00 0 300,00
P5 200,00 0 300,00
P6 200,00 200,00 300,00
P7 -200,00 200,00 300,00
P8 200,00 200,00 400,00
P9 200,00 -200,00 400,00
P10 -200,00 0 400,00

Table 1: 3D coordinates x,y and z of test points

Regarding to table 1, the measured robot working range is a cube of length
x = 400 mm, y = 400 mm and z = 200 mm. Compared to common sealing
or welding robots in automotive industry, this is a small working range but
related to the sealing task on the used application object it is adequate.
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After measurement of the reference points for the robot base frame identi�ca-
tion, the corresponding frame for transformation of the measurement results
into robot base was calculated. After that, the 10 di�erent programmed
TCP positions were measured. This was done using 5 repetitions for each
position, to calculate the center of gravity for each TCP position out of 5
measurements, see table 2:

mean of measurements mean deviations
x (mm) y (mm) z (mm) x (mm) y (mm) z (mm)

P1 -199,959 -200,063 200,003 0,04 -0,06 0,00
P2 -199,646 199,705 200,046 0,35 -0,29 0,05
P3 199,974 0,021 199,957 -0,03 0,02 -0.04
P4 -200,064 -199,954 300,006 -0,06 0,05 0,01
P5 199,897 -199,988 299,887 -0,10 0,01 -0,11
P6 199,947 200,067 300,020 -0,05 0,07 0,02
P7 -199,798 199,829 300,042 0,20 -0,17 0,04
P8 199,890 200,160 400,035 -0,11 0,16 0,03
P9 199,816 -199,924 399,897 -0,18 0,08 -0,10
P10 -200,051 0,131 400,068 -0,05 0,13 0,07

Table 2: Center-of-gravity of 5 iterations and deviations to programmed po-
sitions

The fact, that using the ISO 9283 method for calculation the resulting ac-
curacy is based on the mean values of measurements, a second calculation
method was also applied, which is showing the real maximum error in posi-
tioning of the robots TCP, called "MAX" in table 3.

Because of the unique distribution of the positional de�ections dependent
to the robots TCP position, there is not a big di�erence between MAX and
ISO calculation method in this case. Figure 11 is illustrating the analyzation
results.

As one can see, the static positional deviation of the robot is situated be-
tween 0,05 mm and 0,5 mm.
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positional deviation repeating deviation
ISO (mm) MAX (mm) min (mm) max (mm)

P1 0,08 0,08 0,008 0,012
P2 0,46 0,47 0,003 0,010
P3 0,05 0,06 0,007 0,018
P4 0,08 0,08 0,004 0,009
P5 0,15 0,16 0,003 0,011
P6 0,09 0,10 0,003 0,015
P7 0,27 0,28 0,003 0,014
P8 0,20 0,20 0,009 0,015
P9 0,22 0,23 0,003 0,014
P10 0,16 0,16 0,006 0,016

Table 3: Resulting deviations using ISO and MAX method

Static.xls

Program positions mean of mesurements mean deviations min dev.

P1 -200,00 -200,00 200,00 -199,9586 -200,0634 200,003 0,04 -0,06 0,00 0,06723095

P2 -200,00 200,00 200,00 -199,646 199,705 200,0458 0,35 -0,29 0,05 0,4595933

P3 200,00 0,00 200,00 199,974 0,0212 199,9568 -0,03 0,02 -0,04 0,03827532

P4 -200,00 -200,00 300,00 -200,0638 -199,954 300,006 -0,06 0,05 0,01 0,07422264

P5 200,00 -200,00 300,00 199,8968 -199,9884 299,8866 -0,10 0,01 -0,11 0,14493447

P6 200,00 200,00 300,00 199,9466 200,0672 300,0198 -0,05 0,07 0,02 0,0782496

P7 -200 200 300 -199,798 199,8288 300,0426 0,20 -0,17 0,04 0,25849178

P8 200 200 400 199,8894 200,1602 400,0348 -0,11 0,16 0,03 0,19152546

P9 200 -200 400 199,8158 -199,9244 399,8974 -0,18 0,08 -0,10 0,21581705

P10 -200 0 400 -200,0514 0,131 400,0676 -0,05 0,13 0,07 0,15004333

positional accuracy

DIN ISO MAX min max

P1 0,08 0,08 0,0080075 0,01221147

P2 0,46 0,47 0,00307246 0,00990152

P3 0,05 0,06 0,00742159 0,01841413

P4 0,08 0,08 0,00440908 0,00939361

P5 0,15 0,16 0,00267582 0,01089771

P6 0,09 0,10 0,00287054 0,01456159

P7 0,27 0,28 0,00337639 0,01403567

P8 0,20 0,20 0,00851117 0,01525254

P9 0,22 0,23 0,0026 0,01370985

P10 0,16 0,16 0,00592621 0,01454373
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Figure 11: Static positional accuracy diagram

The repeating accuracy is calculated according to ISO 9283 and depicted in
�gure 11 using a separation between the best (deviation min) and the worst
(deviation max) point out of 5 in every TCP position. The real repeating
accuracy will be situated in the gap between those two values.
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Static.xls

Program positions mean of mesurements mean deviations min dev.

P1 -200,00 -200,00 200,00 -199,9586 -200,0634 200,003 0,04 -0,06 0,00 0,06723095

P2 -200,00 200,00 200,00 -199,646 199,705 200,0458 0,35 -0,29 0,05 0,4595933

P3 200,00 0,00 200,00 199,974 0,0212 199,9568 -0,03 0,02 -0,04 0,03827532

P4 -200,00 -200,00 300,00 -200,0638 -199,954 300,006 -0,06 0,05 0,01 0,07422264

P5 200,00 -200,00 300,00 199,8968 -199,9884 299,8866 -0,10 0,01 -0,11 0,14493447

P6 200,00 200,00 300,00 199,9466 200,0672 300,0198 -0,05 0,07 0,02 0,0782496

P7 -200 200 300 -199,798 199,8288 300,0426 0,20 -0,17 0,04 0,25849178

P8 200 200 400 199,8894 200,1602 400,0348 -0,11 0,16 0,03 0,19152546

P9 200 -200 400 199,8158 -199,9244 399,8974 -0,18 0,08 -0,10 0,21581705

P10 -200 0 400 -200,0514 0,131 400,0676 -0,05 0,13 0,07 0,15004333

positional accuracy

DIN ISO MAX min max

P1 0,08 0,08 0,0080075 0,01221147

P2 0,46 0,47 0,00307246 0,00990152

P3 0,05 0,06 0,00742159 0,01841413

P4 0,08 0,08 0,00440908 0,00939361

P5 0,15 0,16 0,00267582 0,01089771

P6 0,09 0,10 0,00287054 0,01456159

P7 0,27 0,28 0,00337639 0,01403567

P8 0,20 0,20 0,00851117 0,01525254

P9 0,22 0,23 0,0026 0,01370985

P10 0,16 0,16 0,00592621 0,01454373
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Figure 12: Static repeating accuracy diagram

3.5.3 Case study 2: straight line movement

The analysis of a straight line movement gives much information about the
robots dynamic behavior [35]. Based on a simple geometry, special single
dynamic in�uences can be separated and focused. The calculations are com-
bined with higher e�ort in data processing, because the measurements are
this time not taken statically, but with a high sampling rate during the move-
ment.

The sampling rate of the dynamic measurements is dependent on the pro-
vided features of the measurement device and also in�uencing the meausure-
ments, taking consideration to the sampling theorem. The Leica laser tracker,
which was used in this thesis (see subchapter 6.1) is able to provide a sam-
pling rate of 1000 measurements per second.

To process all data, an own developed Microsoft Excel sheet was developed,
to optimize the numeric operations and to provide a visual depiction of the
analyzation results. All algorithms for determination of the accuracies and
deviations were implemented for a test case in Excel. Due to the structure
of the used program, there is a lot of user interaction needed, to do one ana-
lyzation of a test run.

A further step of automation was reached in this thesis by the implemen-
tation of an automated processing of the measurement data (see subchapter
5.1). It comes with a minimum of user interaction and is not longer based on
additional programs like Excel. For the calculations of the robots dynamic
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behavior, the straight line movement de�ned by two three-dimensional coor-
dinates P1(x1, y1, z1) and P2(x2, y2, z2) was implemented as a simple trajec-
tory example.

Considering, that the coordinates of the robots TCP are de�ned 6-dimensional,
the programmed orientations during this �rst simple movement were equal.
Based on the fact, that the used measurement device was only able to mea-
sure 3-dimensional points, a practical check of the real orientations of the
robots TCP was not possible.
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Mathematically, the implemented straight line can be expressed as one 3-
dimensional position P1(x1, y1, z1) with an additionally given direction vector
~R (see �gure 13).4 PROJEKT GENAUIGKEITSTEST FÜR INDUSTRIEROBOTER 49

Abbildung 18: Geradendefinition durch Punkt und Richtungsvektor (aus [14])

sich ein Überblick über den entstehenden Fehler über die gesamte gefahrene

Bahn geben und mögliche Problemstellen, an denen eine erhöhte Abweichung

entsteht, lassen sich sofort identifizieren.

Ebenso soll das Diagramm
”
Sicht von oben: x,y- Ebene“ eine Übersicht über

die gefahrene Gerade geben. Es stellt die Gerade als zweidimensionale Projek-

tion in die x,y-Ebene dar, indem die z-Koordinaten der gemessenen Punkte

für diese Darstellung auf Null gesetzt wurden. In Verbindung mit dem Dia-

gramm
”
Abweichungen zum Betrag“ kann der entstandene Fehler noch besser

lokalisiert werden und nicht nur Aussagen zu betragsmäßigen Abweichungen

sondern auch zum Fahrverhalten des Roboters gemacht werden.

Die Geschwindigkeit auf der Bahn wird in Spalte M in Abbildung 17 durch

einen einfachen Di!erentenquotienten ausgerechnet mit:

v =

!
(xj+1 ! xj)2 + (yj+1 ! yj)2 + (zj+1 ! zj)2

dt

Figure 13: Used mathematical de�nition of the straight line

Using this, a straight line equation can be constructed, based on the compo-
nent description method:

x− x1

l
=
y − y1

m
=
z − z1

n
(37)

The absolute distance of every measurement point to the optimal straight
line movement, is mostly de�ning the dynamic accuracy of the robot. To get
this absolute distance, the perpendicular distance between the straight line
and each measurement point is calculated:

d2 = [(a−x1)m−(b−y1)l]2+[(b−y1)n−(c−z1)m]2+[(c−z1)l−(a−x1)n]2 (38)

if using a scaled direction vector ~R(l,m, n) with |l| = 1.
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Gerade ohne UO mit Lin-Achse
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Figure 14: Linear movement projected to 2D-plane

The programmed movement path (black) and the real measured TCP-positions
(blue) are depicted in �gure 14. It is matched to a 2D-representation for an
easy overview about the robots movement behavior. The di�erences d, cal-
culated by equation 38 are presenting the real absolute deviations between
TCP and straight line and are shown in �gure 15:
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Figure 15: Absolute di�erences from straight line
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The measurement data are showing one typical dynamic behavior of indus-
trial robots. After start of the movement (lower left edge of �gure 15), the
�exibility e�ect mentioned in subchapter 3.4.2 is taking in�uence to the move-
ment. This in�uence is causing a start-peak, e�ecting an absolute deviation
value of more than 2.7 mm in this example.

The visualization of the 3D-measurements to enable proper analyzation by
the user, is an important aspect of the documentation. Scaling and rotation
of simple 3D-plots is in common sense in�uencing the subjective interpreta-
tion of the measurement data.

For providing an objective and easy-to-visualize way of data representation, a
re-calculation of the measurement data into a special located and orientated
coordinate frame was applied. The zero position of this coordinate frame is
located in the starting point of the straight line movement. Also, it is rotated
with the z-axis orientated equally to the straight line.

After re-calculation of all measured points into this coordinate frame, a "look-
through" of the straight line movement is reached. In this, the start and end
position of the movement are situated exactly at the origin of the new coordi-
nate frame, only di�ering at their new z-value. Figure 16 shows the resulting
diagram.
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Figure 16: Transformed measurement values into "look-through"-
visualization with start and end position at diagram origin
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The look-through representation provides a possibility for a direct check of
the measurement point distribution. A density distribution of the measured
points is able to visualize parallel movement zones to the straight line. In
case of a possible side shift of the TCP movement, the linear but shifted
movement can be pointed out quickly by getting the point distributions.

Additionally, the vector length from the zero point to each single measure-
ment point in the look-through diagram is equal to its absolute perpendicular
deviation to the given straight line. Important to mention is, that the rota-
tion of the diagram around its z-axis is not particular set in relation to the
robot base.
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Figure 17: Velocity and Acceleration diagrams calculated from the measured
points during line movement

Referring to �gure 15, the positional deviation of the robots TCP from the
straight line was approximately 2,7 mm at point 600 and following. Using
the velocity and acceleration diagrams (�gure 17) it can be seen, that in
this zone, the acceleration of the robots TCP is at its maximum value and
therefore the velocity is rising.

The interpretation of the relation between �exibility, acceleration and re-
sulting positional deviation, can be used to provide the user with objective
and easy to use information. Today this is used in an industrial application at
an important german car manufacturer and besides this it is also automated
to a autonomous system, presented in section 5.1.



4 LINEAR TRACK 50

4 Linear track

4.1 Introduction

Modern industrial robotics is a�ected by the rapid development of technolo-
gies in the �eld of automation. The increasing demands of customers to solve
more and more complicated tasks using industrial robots, needs new solu-
tions and strategies by the manufacturers. Terms like "�exible automation"
express the new developments in the minds of the customers.

The workpieces, which an industrial robot is dealing with today are get-
ting much more complicated than in the past years. There are many aspects
to make a workpiece complicated, one of it is the size of the object. As men-
tioned, a signi�cant part of the used robots all over the world are working in
automotive industry. Thinking in manipulating parts of a normal car, like a
front door for example, is not a big challenge today. But thinking in the sizes
of a school bus, which has to be painted or welded by a robot is di�erent.

Figure 18: Robot on linear track handling a large workpiece

How to manage this size of workpieces is one of the modern tasks of robotics.
Every robot has got a �x de�ned working range. Even if the working range
of an industrial painting robot is quiet bigger than most of all other robots
currently used all over the world, it will never be able to paint a school bus.

One solution of this problem is to combine several robots to work concur-
rently on one workpiece. The combination of the single working ranges of
the robot to one big common working range allows to deal even with big
objects. But the question is not only to realize a solution for this problem,
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but also to be cost e�cient. The combination of several robots working on
one workobject is always a quite expensive solution. The question is, how to
manage a big workpiece with a minimum number of robots? How to increase
the robots working range with a simple, quick and reliable system?

One answer to this question, which is also a quite common solution in the
�exible automation today is: Linear tracks! Linear tracks are special units
which are able to move the robot itself in a linear movement. In most of
the cases they are equipped with a motor driven sliding skid, moving on one
or two iron tracks (see picture 19). Starting at movement distances of two

Figure 19: Industrial robot on linear track

meter - for example in automotive industry - the range of possible movement
distances is nearly not limited. Linear tracks of even 50 meters are used in
aircraft industry or for example in the construction of wind wheel wings for
energy generation.

Using such a linear track, it is possible to adapt the working range of the
robot to an optimal working position on the object. For this, the new pos-
sible working range of the robot is his own working range, elongated by the
possible movement distance delivered by the linear track. For this, even
very large objects can be handled and manipulated by a minimum number
of robots. The linear movement of the robot on the track can be detected
by the robot, due to movement sensors on the linear track, which are con-
nected to the robot control. A highly accurate integration of the direction
of the track pro�le in the robot motion planning system allows to calculate
the exact position of the robot tool, even with movement of the linear track.
How this is done and which di�erent problems can occur, is explained in the
following chapter.
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4.2 Problems and tasks with linear tracks

4.2.1 Positional accuracy in y- and z-direction

One of the �rst problems during the process of combining an industrial robot
with a linear track is the assembly of the linear track itself. Common linear
tracks for industrial robots in automotive industry consist of metal rails, on
which the robot is moving. Di�erent varieties of combining robot and linear
track appeared in the past. Beginning from hanging mountings, in which
the robot is working overhead, ending with normal standing mountings, all
di�erent mounting angles between robot and track are possible.

One important aspect during the assembly of the track is to secure the
straightness of the movement rails. A non-straight movement rail will cause
positional de�ections appearing on the robot TCP [31], [32]. The deviations
from a theoretic perfect straight mounting of the rails can be expressed as
non-linearities of the linear track. During the movement on a non-perfect
rail, the robot will nick or gear in a non-linear way. Depending on the kind
of non-linearity, the robot will react in a di�erent way.

∆y = n mm

Z
X

Y

Figure 20: Non-linearity caused by y-accuracy

As shown in picture 20, one of the non-linearities is caused by a de-positioning
of the �xing points of the track in y-direction. Caused by an assembly accu-
racy of several mm in y-direction, the application accuracy will be in�uenced
by this value and never be able to reach accuracy states better than this.
The error is a combination of the positional de�ection caused by the side-
shift e�ect and the rotational de�ection caused by the gearing of the robot.
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An comparable e�ect on the robots accuracy is caused by the height adjust-
ment screws of the track. To adjust the linearity of the rails, it is neccessary
to measure the height di�erences of the single screw positions. After that,
an appropriate adjustment of the heigth can be done. Due to a limited ex-
actness of the commonly used systems for measurement, the height pro�le of
the rails includes non-linearities.

Likewise to the y-accuracy, an emerging side-shift and gearing cause in posi-
tional de�ections on the robots TCP (see picture 21 for gearing e�ect).

Figure 21: Gearing e�ect due to height di�erence

For this, an exact mounting of the linear tracks is directly improving the ab-
solut accuracy of the robot application. Figure 22 shows a measurement of a
robot moved on a linear track without movement of its joints. The measured
TCP movement along y- and z-direction is only caused by the non-linearities
of the linear track.

The common procedure of getting less in�uences caused by an inproper
mounting of the track, is to improve the exactness of constructing and as-
sembling. The emerging costs are proportional with the needed accuracy and
in some cases the needed requirements are di�cult to be ful�lled.

One solution for this problem is presented in subchapter 4.6 where the side-
shifts and gearings are measured and expressed by a mathematical descrip-
tion of the track. Using this new method, it is possible to increase the
systems accuracy without spending a lot of energy in calibrating the rails
during assembly process.
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Figure 22: TCP de�ection in mm caused by linear track

4.2.2 Alignment of the track in robot coordinate system

During movements of the robot along the linear track rails, the robot control
calculates the 3D-position of the robots TCP. This 3D-position is depend-
ing on the robots arm con�guration caused by the joint values and from the
robots skid position on the linear track.

This position on the track has to be measured and used for the calculation
of the relative position of the robot. In this section, several error in�uences,
which are taking part of the main error of the application are explained more
detailed.

During the setup process of an industrial robot, the alignment vector of the
linear track in robot coordinate system has to be identi�ed. This is normally
done by an integrated routine of the robot control. The user needs to move
the robots TCP to �x 3D-coordinates using di�erent skid positions on the
track (see �gure 24).

With usage of 3 di�erent skid positions with the same TCP positions, the
robot control is able to calculate the direction of the linear track in the robots
base coordinate system. For this a straight line least-square similar math-
ematical descriptions are used. One crucial e�ect of this methods is, that
using the robot positions for the calculation of the track direction, the abso-
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lute positional error of the robot will in�uence the measurements. Using the
joint angle encoders for calculating the transformation into the TCP, there
will always be an error, proportional to the positional accuracy of the robot.

Figure 23: Measuring in di�erent positions on the skid
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4.2.3 Further e�ects

Additionally to the already mentioned e�ects, there are in�uences existing
with lower consequence to the accuracy of the robot system. This e�ects
are mostly seated in the system and can not easily be eliminated. The prior
explained e�ects like an incorrect assembly of the track is normally based on
human failing.

Gearfactor
Synchronised to the movement of the robot, the position of the skid on the
track on which the robot is mounted, has to be detected. One of the most
common method of getting the current position, is to use an incremental
rotation counter. This counter is calibrated at a �xed zero position with an
initial value. A movement of the motor shaft caused an increasing or de-
creasing of the rotation counter according to the skid movement.

The movement distance is calculated by the robot control, using the cir-
cumference of the gear wheel and the complete rotation angle (current angle
position plus number of full rotations). The gear wheel circumference is rep-
resented by an multiplicative factor, so called "gear factor". After production
of the linear track, the gear factor is set to its initial value corresponding to
its theoretical size.

In practical application, this theoretical initial value is in most of the cases
not accurate enough to guaranty a good positional accuracy of the linear
track movement. It causes in a positional de�ection of the robots TCP along
the movement direction of the linear track, so in normal setup in one coordi-
nate direction of the robots coordinate system. The positional error itself is
because of its accumulating behavior depending of the movement distance,
for that increasing with longer movements on the linear track.

Strategies for avoiding the positional de�ection caused by an inaccurate gear
factor, consist of an exact measurement of the movement distance along the
linear track, followed by a calibration of the gear factor mulitplicator. See
section 4.7 for more information.
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The drag e�ect
To garanty an exact movement of the track, a theoretical reaction behaviour
of the linear track motor has to be assumed. The feedback of a real electrical
motor will always be later as the theoretical reaction, because of the response
delay. For this, set point commands can only be processed in a de�ned reac-
tion time.

The in�uence of this type of error is increasing with the dynamics of the
robot. During fast movement changes it will be more signi�cant than with
slow movement changes. The resulting positional error of the robots TCP is
caused by the di�erence between theoretical and pratical dynamic model of
the robot. To get an adaption to the real model, extensive analysis has to be
taken, to get a modi�ed mathematical model for description of the dynamic
e�ects during the drag e�ect.

The avoidance or minimisation of this in�uence is not explored in this thesis.
It has to be tolerated or adapted by changing movement parameters in the
robot control e�ecting the acceleration behavior of the track.

Gear loss
At constructions using a gear wheel to position the skid on the track, there
is an error in�uence caused by the gap between gear wheel and bearing. The
size of the gap assigns the resulting accuracy during seesaw movements. It is
a compromise between durability and exactness. A very tight system using a
reduced gap size will have more attrition than a loose system with bigger gap.

The resulting positional error will take e�ect during direction changes in
the skid movement. The needed setting of the tightness of the system has to
be adapted to the application needs.
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Non-linearities
Caused by various in�uences of the single components of a linear track, a
non-linear de�ection behavior takes part on the positional error. Examples
for this in�uences are the elasticity of the rail parts and �xings itself, or the
non-linear interaction of force and current of the electric motor.

The in�uences are strongly dependent on the currently existing forces on
the track skid, caused either by gravity, track movement of robot movement.
For compensation or elimination of this in�uence, the mathematical model
of the system robot and track together has to be changed. An experimental
research of the response behavior during di�erent test movements is possible,
to get a prediction of the dynamic reactions.
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4.3 Analysis of the geometrical structure of a linear

track

4.3.1 Static analysis of the linear track

As mentioned in subchapter 4.2 the correctness of the position and construc-
tion of the track is directly dependent to the resulting accuracy of the robot
system. For this reason, one important part of the assembly process of the
linear track is to guaranty its correct positioning and structure. To certify
this, measurements of the linear track structure on the one hand and the
position of the linear track in space on the other hand have to be considered.

This measurements can be done in multiple and various ways, under us-
age of di�erent kinds of measurement devices. one important feature of this
devices is, that they are able to get at least 3D-coordinates in space. These
3D-coordinates can be used for proving the position of the track and for
scanning the shape and the deformations of the track structure also. For
generation of the results, which are presented in this thesis, a laser tracker
measurement device was used. This device is able to measure 3D-coordinates
using a laser beam in combination with a centric re�ecting cube mirror. More
information about the measurement device are given in chapter 6.

A major goal of this thesis is the minimisation of the error in�uences in-
tegrated in the application system robot with linear track. Necessary for
this minimisation is a theoretical description of the linear track to develop a
correction algorithm. This correction algorithm can be used for a compen-
sation or reduction of error in�uences to increase the application accuracy.

To develop a strategy for description of the linear track, a logical proceeding
structure leads along the pratical steps for analysation, theoretic model and
�nally compensation or reduction. In this case, the next steps of the analy-
sis of the linear track are divided and structured under logical and practical
aspects.

First of all, during assembling and adjusting of the track, the geometrical
structure of the linear track itself, has to be measured and optimized. This
is a common step during setup process of a linear track for industrial robot
systems. Two di�erent aspects in this case have to be considered, the posi-
tional and the geometrical aspect. Both aspects are in�uencing each other.
Even if a linear track is highly accurate assembled and its structural de�ec-
tions are negligible, its position in space possibly causes serious positional
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IMPROVED METHOD FOR HIGHLY ACCURATE INTEGRATION
OF TRACK MOTIONS

Keywords: Industrial robots, 7th axis, linear track, offline programming, motion control, flexible automation.

Abstract: Modern Robotics today deals with increasing requirements on the flexible automation. One of this is the usage
of linear tracks or even called 7th axis to extend the robots workspace. The inaccuracies of the linear track
deteriorate the accuracy, which is in constrast to highly accurate robot systems needed for modern applications.
To enhance the accuracy of the system consisting of robot and linear track, an identification of the non-
linearities of the linear track is necessary. This article introduces an optimisation of a method for highly
accurate integration of track motions where the profile of the linear track is identified by single coordinate
systems along the track, combined by a cubic spline interpolation. Resulting there is a continous description
of the track profile, depending on the current position of the robot on the linear track.

1 INTRODUCTION

Modern industrial robot applications become more
and more complex. The increasing demand on flex-
ibility and automation effects the need of high preci-
sion robot systems. One part of this robot systems are
external linear tracks, even called 7th axis, on which
the robot can be linear moved to extend its workspace.
In most of the cases this extension of the workspace
via linear track deteriorates the accuracy of the sys-
tem robot and track in significant number about sev-
eral millimeters or more. This alarming fact is not
compatible to the demands on the flexible automation
at all and additionally is neglected by scientists and
robot manufacturers at well.
In (6) there is one method presented, which makes it
possible to identify the inaccuracies of the linear track
and correct offline robot programs. For this, the linear
track is measured at n positions where a correspond-
ing track coordinate system is calculated. The number
of positions on the linear track where the single track
coordinate systems are calculated - following called
sampling points - are determined by a frequency scan
of the linear track. To get a continous description of
the linear track these track systems are combined by
a cubic spline interpolation. By this it is possible to
get a correction frame for each arbitrary position on
the linear track. This paper sets up on the first arti-

Figure 1: Track coordinate systems

cle about highly accurate integration of track motions
and presents optimisations in the fields of frequency
check and spline correction and fulfils parts of the fu-
ture prospects of this article.

2 TRACK PROFILE FREQUENCY
CHECK

For the identification of the track motion one rigid
object is needed, which is to measure at different
positions on the linear track, by an 3D-coordinate
measurement device. Basing on the fact that the
rigid object is not deformed after moving from one

Figure 24: Measuring in di�erent positions on the skid

errors, if the track is not aligned porperly into the robots coordinate system.

This e�ect is certainly particular grave, if the alignment of the track and
robot is not done properly. Using an accurate alignment, even linear tracks
which are mounted really angular in space can be used normally. The more
important fact is to verify, that the track rails are really straight and par-
allel to each other. If they are not, the prior mentioned error e�ects take part.

The goal during the assembly of the track is to get as close as possible
to the theoretical plannings and positions as possible. To facilitate this, a
periodically repeated measurement of the track pro�le during assembly has
to be done. In most of the cases, the work �ow should be to start adjusting
the rails at one side of the track and work sequentially to the other side of
the track. After completion of the calibration and controlling work, a �nal
check of the track has to be done to guaranty exactness.

After all, it has to be mentioned, that the measurement of the �nal assembled
linear track is not fully representive for the application. A deformation of
the track rails, caused by the robots weight and dynamics is not considered
in this step of setting up the application. If the robot is moving along the
linear track, mounted on the skid, dynamic forces depending on the robots
current speed and movement will appear. This forces will cause in positional
de�ections of the robots TCP.

To reduce the in�uences of the robot weight, the linear track has to be
measured while the robot is moving on it. This is impossible with common
methods like measuring the track rails on di�erent positions (see �gure 24),
because the most crucial measure positions are blocked by the robot itself.
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For this reason, a measurement method has to be taken into consideration,
where the linear track can be analyzed while the robot is mounted. The new
solution for measurement of the track is based on a method using the robot
itself as a rigid body for taking the measurements of the linear track. This
method is described in the next section and is one of the contributions of
this thesis.

The usage of an industrial robot, involved in a measurement process cre-
ates some problems concerning accuracy and repeatability. Subchapter 4.3.2
will take consideration of the key arguments for using the industrial robot as
a rigid body.

4.3.2 Static analysis of linear track with robot

For a static analysis of all error in�uences contained in the application sys-
tem consisting of robot and linear track, the measurements are taken under
usage of the robot. The resulting positional deviations, which are important
for the application accuracy can be determined at the robots TCP.

Getting the step to the measurement of the more complex system robot
and linear track, instead of only the linear track itself gives more information
and more possibilities for correction. But simultaneous with this, even more
problems will a�ect the process of measurement. The static positional ac-
curacy of the robot is limited and depending on the calibration of the robot
(see subchapter 3.5.1).

This positional accuracy will in�uence the quality of the analysis of the linear
track. On the one hand, the weight in�uence of the robot will be considered
in the analysis of the track, on the other hand, the static positional accuracy
of the robot is falsifying the results. To reduce the in�uence of the robots
positional TCP deviations to the measurements, the robot is handled like a
�xed rigid body for measurements.

One of the developed strategies of this thesis includes, that the robot is used
for measurements but only in �xed positions. For this, the robot is moved to
one arm con�guration and measured at the �rst sampling point on the linear
track. After that, it is moved only using the linear track to the next sampling
point (see �gure 26). The measurements are taken in equidistant points on
the linear track. After one measurements series, the arm con�guration of the
robot can be changed and the process of measurement along the track can
be repeated.
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Figure 25: Measurement of the robot TCP in series on the track

Using this strategy, the forces caused by the arm con�guration of the robot
are taking in�uence to the linear track. Depending on one arm con�guration
it can be more or less force. After testing multiple arm con�gurations, a
prediction of the �exible movements of the linear track can be done.

The unreliabilities in this setup are only the measurement uncertainty it-
self (see subchapter 6.2) and the repeating accuracy in positioning of the
skid on the linear track.

4.3.3 Dynamic measurement of linear track with robot

As an extension of the static measurement of the track pro�le, a dynamic
scan of the robots TCP movement enables more clearly conclusions about
the track pro�le structure. In the breadboard, the robot got the re�ector
mounted on the TCP and moves with low speed on the skid along the linear
track with a constant arm con�guration. The re�ector o�set is integrated
into new calculated TCP transformation data.

The resolution of the scan run is dependent on the sampling rate of the
3D-measurement device. The resulting scan is a quasi-continuos description
of the track pro�le in one single arm con�guration (�gure 26), if the mea-
surement rate is adequate. Now it is possible, to compare track scans with
di�erent arm con�guration to each other, to see the in�uence of the robot
arm position on the track pro�le. The comparison can only be done globally
because an exact assignment of the single measurement points is based on a
missing synchronisation di�cult.
In the continuos scan, the dynamic in�uences of the linear skid movement
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Figure 26: Continuos scan of the linear track

and the dynamic of the track rails during movement are implied. Even the
couplings with the robot itself - apart from the movement dynamics - are
integrated in the analysis result.

For a more detailed description, di�erent robot movements can be ful�lled
during skid movement, to get even the additional dynamics caused by the
robot movements. A description of the dynamics and a mathematical de-
scription of the error in�uences caused by the robot during its movement are
due to the non-linear couplings another complex task and are discussed in
[69].

4.4 Measurement of the track pro�le

As mentioned before, the measurements of the track can be taken using the
robot like a rigid body. For improvement of the applications accuracy, in
this thesis a new method was developed for measurement and theoretical
description of the linear track.

At a �rst step, the track is measured using the robot as a rigid body. The
whole process can be divided into several di�erent steps, which are constitu-
tive on each other. If the steps are not carried out in the prede�ned order,
an error propagation would decrease or even destroy the resulting accuracy
win.

First, the measurement process is described, followed by the explanation
of the theoretical description, based on the acquired measurement results.
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TCP-calibration
The measurements for determination of the robots base frame are taken, us-
ing a measurement tool e.g. a cubic mirror. This mirror has to be mounted
on the robot end e�ector. For the calculation of the re�ector position at the
robots �ange, the so called "tool transformation" has to be calculated. This
can be done by usage of the robot controller integrated function for identi�-
cation of the tool frame, which is available in every common industrial robot
type.

By this routine, three di�erent arm con�gurations of the robot with an equal
position of the tool center point have to be moved by the user and stored into
the robot control. In practical application without access to measurement
systems, this three positions are reached by moving peak-to-peak. The only
check for an accurate movement is in that case the robot user.

Enhanced by a highly-accurate 3D-measurement system, the setup of the
tool frame was done in this thesis using a special method. The �xed ref-
erence point, to which the robot has to be moved to, using three di�erent
arm con�gurations, was set as a virtual point. Once taken one measurement,
the following robot tool positions after re-con�guring of the arm status were
measured and the di�erence vector was calculated:

~pfix − ~prob + ~umeas = ~r (39)

⇔



pfix,x
pfix,y
pfix,z


−



prob,x
prob,y
prob,z


+



umeas,x
umeas,y
umeas,z


 = ~r (40)

where ~umeas is the uncertainty between real robot TCP position and the
measured TCP position. Now following the goal to decrease the resulting
distance vector ~r to the �xed position to zero, the robot position can be
saved in the robot control if the break condition |~r| < ε is reached, with:

|~r|=
√

(pfix,x−prob,x+umeas,x)2+(pfix,y−prob,y+umeas,y)2+(pfix,z−prob,z+umeas,z)2 (41)

After saving the three di�erent positions in the robot control, the integrated
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algorithm calculates the transformation from �ange to the tool center point.
This transformation is stored into the robot control and is used for future
position calculations.

To check, if the resulting transformation is correct, a rotational movement
around the tool center point can be measured. With common industrial
robot models, such movement functions are integrated in the standard set of
movement commands. The measured deviation during this rotational move-
ment is a resulting error component for further calculations.

A more accurate, but in most of the cases di�cult to realize tool center
point calculation, is a direct measurement of the tool center position. Begin-
ning from reference points at the robot �ange, the application points have to
be measured exactly. In many applications this is not possible because of a
non-touchable tool center point, e.g. painting applications.

Gear factor calibration

∆ = x mm

Figure 27: Adjustment of the gear factor

To get accurate movement steps during the measurements on the linear track,
the gearfactor multiplier has to be set. As mentioned in subchapter 4.2.3 the
gear factor is in�uencing the accuracy between commanded distance to real
movement distance of the linear track skid (�gure 27). If the gear factor
is not calibrated exactly, the measurement values are not representative be-
cause they are falsi�ed by the deviation o�set between real and correct gear
factor setting.

Beginning from a starting position at one side of the track, the robot is
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moved to the other side of the linear track. In the start and the end po-
sition, the robots end e�ector, in this case the ball re�ector, is measured.
The robots arm con�guration during the movement has to be constant to
guaranty a measured movement distanced only caused by the skid shift.

Proportional with the moved distance of the track skid, the error of the
calculated result will be increasing. After measurement of the moved dis-
tance, the new gear factor multiplier can be calculated as follows:

Gearnew =
dmeas
drob

·Gearrob (42)

where dmeas is the measured distance and drob as commanded distance. The
new factor is stored into the robot control for further measurements and can
be tested in a second measurement run. If the resulting deviation is not the
expected one, the calibration run can be done iteratively, until the residuum
is reaching the breaking condition:

|dmeas − drob| = |rgear| < ε (43)

The residual value after the iterative calibration is part of the uncertainty of
the system.
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Robot base coordinate frame

The robot is moved to ten di�erent positions, spreat equally in its working
range. In every position, the robot TCP - now the re�ector of the measu-
rement system - is measured. The programmed movement positions of the
robot in cartesian representation, which are saved in the robot control have
to be also saved allocated to the measurement values.

P1 P2

Pn

Figure 28: Identi�cation of robot base coordinate frame in one position

After measurement n positions of the robot (the number of measurements is
proportional to the resulting accuracy of the robots base, see [8]) a non-linear
least-squares calculation is apllied to determine the robot base frame. Instead
of a 3D-description of single measurement positions on the linear track itself,
it is now possible to describe the linear track with 6D-represantation in one
sampling point with concurrent consideration of the robots in�uence.

This in�uence is due to the multiple movement positions determined as av-
erage in�uence value. This is representive, because this in�uence will even
take part in the application accuracy as an averaged value during real appli-
cation. If the robot is working in a �xed known sub-space of its real working
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range, the measurement positions for identi�cation of the robot base should
be shifted into the sub-range. This brings the theoretical model for correction
of the linear track error in�uence closer to the real situation.

Shift of the robot base

Pos1Pos2Posn ...

Figure 29: Periodical identi�cation of robot base in equidistant sampling
points

After measurement of the robots coordinate system in one sampling position,
the procedure is repeated in equidistant sampling positions on the track (see
�gure 29). In every sampling position, the robot is measured in the same
TCP position to exclude the absolute positional accuracy of the robots TCP.
Using this strategy, the robot can be declared as a nearly rigid body because
he is only used in its repeatability.

The constant distance between the sampling positions is depending on the
accuracy demands. For determination of the needed distance between the
sampling position, a frequency analysis of the track can be used to identify
the amplitudes of single error parts in the track deformations. For a manual
correction method (section 4.7) a rough raster of the sampling positions can
be done (<10 for one track).
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4.5 Frequency analysis of the linear track

A movement at a very low speed with a constant joint con�guration of the
robot arm is used for a high-resolution measurement scan. The movement is
done in a straight line, only by the track itself to get only the structure of the
track analyzed without in�uence of the robots movement. Also the move-
ment speed V has not only to be low, but even constant. The corresponding
scan mode of the measurement device is even switched to high resolution and
discrete in time with a sampling interval of ∆t.

For the measurement setup, one coordinate axis of the robot has to be in
the movement direction of the linear track. If this is veri�ed, the sum of
the 3D-coordinates, measured during the skid movement represents the com-
manded function and the non-linear twist motion which is of interest. The
resulting measured ramp function sk consists of the sum of the single coor-
dinates xk, yk and zk.

After elimination of the commanded ramp function out of the sum of the
coordinate values, the Fourier transformation [57], [58] of the hk's contains
the spectrum of the non-linearities of the track:

sk = k ·∆, k = 0, 1, ..., N − 1 (44)

and

∆ = V · dt (45)

follows

hk = xk + yk + zk − sk (46)

where the xk, yk and zk are the 3D scan of the TCP (see �gure 30).
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command line
real motion

Figure 30: Command and real motion
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The discrete Fourier transformation (DFT) [62] becomes

H(fn) = X(fn) + Y (fn) + Z(fn)− S(fn) (47)

where f(n) is:

fn =
n

N∆
;n = −N

2
, ....,

N

2
(48)

follows that

H(fn) =
∫ ∞

−∞
h(s)e−j2πfnsds

≈
N−1∑

k=0

hke
−j2πfnsk∆

= ∆
N−1∑

k=0

hke
−j2πkn/N (49)

From eq. 48 it is obvious, that the frequency is a spatial frequency of the
unit mm−1.

If the needed detection uncertainties for example is at 0.5 mm, so that all
errors to detect are greater than this value, the resulting frequency of the
sampling points can be identi�ed using �gure 31.

Figure 31: Example of a track spectrum

Respecting the sampling theorem [16]

Ts(m) ≤ Tmin(m)

2
(50)
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it is essential to identify the robots coordinate frame each 100mm (= 1/(2mm·
0.005mm−1))

Frequency analysis measurements

For an example of a 3-dim frequency analysis, di�erent robot movements
were measured. The used robot was an ABB IRB 2400, mounted on a 1800
mm linear track (7th axis). It is a middle-size robot for industrial applications
like sealing for example.

The robot was programmed to move three di�erent paths: one linear move-
ment without using the 7th axis, one linear movement with using the 7th

axis and one run with only 7th axis moving. The robot was moved with two
di�erent velocities, 200 mm/s and 600 mm/s.

The used measurement system for the needed measurement tasks like conti-
nuous scan of one track motion, determining the particular track coordinate
systems or identifying of the robots accuracy is represented by a Leica Laser
Tracker LTD800 (�gure 32). The measurement device is presented more
closely in subchapter 6.1.

Figure 32: Leica LTD800 Laser Tracker

For using an adequate window function for the time-limited DFT of the mea-
sured values, a comparison of some common used window functions (Kaiser,
Hanning, Blackman-Harris, Gauss, Tukey)[16] was taken. The origin of the
comparison was the movement of the robot with using the 7th axis.

In �gures 33 and 34 you can see the DFT of the robot movements with
an used tukey window function and without any window function. Figure 34
is zoomed to the area after the main peak for better overview.
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Figure 33: Comparison of window functions
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Figure 34: Zoomed depicting
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The Tukey window has got a very good resolution of the �rst side peak at
0.025/mm. Even for its good side coil decay, the Tukey function was chosen
as used window function because of its minimum leakage e�ect.

Robot linear movement

At the robot linear movements (�gure 35) you can see, that there are more
than one frequencies in the movement. The frequencies have di�erent spec-
tral lines, depending on the movement velocity of the track skid.
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Figure 35: DFT of robot linear movement at 200 mm/s and 600 mm/s



4 LINEAR TRACK 75

The main amplitude of the robot movement is between 0.13 and 0.18 mm,
depending on the movement speed, which can be seen on the de�ection di-
agrams in �gure 36. This de�ection is the absolute value of the di�erence
between programmed straight line movement and the measured trajectory of
the robot.
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Figure 36: De�ection to the programmed path at 200 mm/s and 600 mm/s
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Robot with linear track

If the robot is moving including the 7th axis, a higher amplitude of the main
peak in the DFT (�gure 37) is resulting. Therefore, it has the greatest de�ec-
tion from the programmed path (�gure 38).This high de�ection is caused by
the combination of robot movement start and linear track movement start.
Due to moments of inertia during synchronous movements of the linear track
and robot, the demands on the control task are rapidly increased.
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Figure 37: DFT of robot with 7th axis moving
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The last part of the de�ection diagram for the movement with 200 mm/s is
cut away due to a measurement stop, but the main part of the signal can be
identi�ed.
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Figure 38: De�ection of robot with 7th axis moving
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Linear track movement

The linear track movement was done with a velocity of 250mm/s, �gure
39 shows the discrete Fourier transformation of this movement. The de�ec-
tion of the linear (�gure 40) track is not only depending on the moments of
inertia, but even from the geometrical con�guration of the track (straightness
of the rails and their horizontal alignment and parallelism).
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Figure 39: DFT of the linear track movement
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Figure 40: De�ection of the linear track movement

After all, the de�ection of the linear track is like the de�ection of the robot
itself if slowly moved (250 mm/s). Only if both together, the robot and the
track are moving the de�ection is increasing.
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Measurement Results

The Fast Fourier-Transformation (FFT) was applied in di�erent tests, with
di�erent window functions for the time-limited spectral analysis, which were
compared using measurement results of an industrial robot movement. At
last, di�erent DFT results of robot and linear track movements were pre-
sented.

The analysing of robot movements using Fast Fourier Transformation is an
adequate method for predictions of the dynamic behaviour of the robot. Dif-
ferent oscillations of the robot arm can be tested with varying velocities or
masses.

For the linear track, there can be made statements about the linearity and
parallelism of the rails. The sampling rate for a compensation of the inac-
curacies of the linear track can be determined, due to the maximal error for
correction.
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4.6 Mathematical description

Measurement of the linear track is the �rst step of the correction process.
In the next step it is essential, to use the acquired measurement data for a
mathematical description. To calculate the needed coordinate frames in the
sampling positions on the track, represented by the robot base frame shifted
in equidistant steps, two di�erent sets of measurement data (�gure 41) have
to be �tted together [55], [52], [53], to �nd the �nal transformation between
their two coordinate systems.

tn : programmed positions
rn : measured positions

t1

t5
t4

t3

t2

t6

r6

r2r3

r4

r5

r1

Figure 41: Two sets of measurement positions

The �rst data set are the values taken from the 3D laser tracker device. In
case of n di�erent positions, to which the robot was moved to during base
frame identi�cation, this are the n coordinates of the robots tool center point
represented in the tracker system:

~Ptracker =




~p1,t

~p2,t
...
~pn,t




(51)

For determination of the 3D position of the robots tool center point, the
robot control is calculating the forward transformation using the measure-
ment values from each of its angle encoders. This gives also n measurement
values:
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~Qrobot =




~p1,r

~p2,r
...
~pn,r




(52)

These two data sets describe the same positions in space in two di�erent
coordinate systems including a deviation error. This error is caused on the
one side by the trackers measurement uncertainty, on the other side by the
robots inaccuracy. For this reason, these sets are only theoretical �tting to
each other, practical there is a disturbance included.

For getting the comparison of the coordinate systems in the sampling points
of the linear track, which are used to describe the non-linearities of the track,
the transformation between tracker and robot in each sampling position is
needed. To �nd this transformation, an optimal �tting of the two sets has
to be calculated.

In the �gure 42, the appropriate transformation graph is shown:

Mathematische Grundlagen 3.5 Bündelausgleich

S1

S2

S1
TS2

P1

P4

P3
P2

Abbildung 3.3: Bündelausgleich

Gleichung 3.13 aufstellen. Wird diese nach Null umgestellt ergibt sich die Gleichung

3.14.

S1 !Pn =S1 TS2 ·S2 !Pn (3.13)

S1TS2 ·S2 !Pn !S1 !Pn = 0 (3.14)

Für die gesuchte Transformationsmatrix S1TS2 wird die RPY-Rotationsmatrix in-

klusive einer Translation eingesetzt. Dies ergibt Gleichung 3.15.
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Wird diese Gleichung ausmultipliziert, so ergibt sich für die x, y und z Komponen-

te jeweils eine Gleichung mit den sechs Unbekannten ", #, $ tx, ty und tz. Diese

Unbekannten stammen aus der gesuchten RPY-Matrix. Aus einem Punkt können

33

Figure 42: Transformation graph robot and tracker points

The transformation of one point given in robot coordinate system, to a point
in tracker coordinate system can be described as follows:

rob~pn =rob ~Ttrk · ~ptrk (53)
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The most important part of the equation is now to calculate the transforma-
tion from robot to tracker. For this, the equation is modi�ed, so that one
side of the equation gets to zero:

rob ~Ttrk · ~ptrk −rob ~pn = 0 (54)

The transformation matrix rob ~Ttrk is consisting of a rotation matrix, described
by ~n, ~o and ~a and a translation, described by ~t, converted to an orthonormal
T-matrix [13]:

A ~TB =




nx ox ax tx
ny oy ay ty
nz oz az tz
0 0 0 1


 (55)

The rotation matrix part of the T-Matrix can be expressed in its trigono-
metric description, which creates the following equation:




cos γ sinβ cos γ sinβ sinα−sin γ cosα cos γ sinβ cosα+sin γ sinα tx

sin γ cosβ sin γ sinβ sinα+cos γ cosα sin γ sinβ cosα−cos γ sinα ty

− sinβ cosβ sinα cosβ cosα tz

0 0 0 1


 ·




trkxn

trkyn

trkzn

1


−




robxn

robyn

robzn

1


 = ~0 (56)

This equation is used to create an equation system, consisting of three equa-
tions including six variables for each point, so for each movement position of
the robot. The third equation is not depending on γ:

trkxn cos γ sin β +trk yn cos γ sin β sinα− sin γ cosα

+trkzn cos γ sin β cosα + sin γ sinα + tx −rob xn = 0 (57)
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trkxn sin γ cos β +trk yn sin γ sin β sinα + cos γ cosα +
trkzn sin γ sin β cosα− cos γ sinα + ty −rob yn = 0 (58)

trkxn − sin β +trk yn cos β sinα

+trkzn cos β cosα + tz −rob zn = 0 (59)

For this reason, a minimum set of three points is necessary to calculate the
transformation. In the experiments of this thesis a set of 10 measurement
positions and with this overdetermined set of 30 equations was used for cal-
culation to get better accuracy, see [8].

For solving the set of non-linear equations, the iterative Newton method
[13] was used. The fundamental idea of this method is to �nd the minimum
of a function, under usage of given starting conditions. For iteration, the
tangent t(x) on the function is used:

t(x) = f(xn) + f ′(xn)(x− xn) (60)

The iteration rule is calculated by using the intersection of the tangent with
the zero axis:

f(xn) + f ′(xn)(x− xn) = 0 (61)

⇔
x = xn −

f(xn)

f ′(xn)
(62)

Thus, the resulting iteration rule is:

xn+1 = xn −
f(xn)

f ′(xn)
(63)
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The iterations are repeated until the breaking condition is reached. This
breaking condition can be de�ned as a maximum value for xn+1 or as a max-
imum value for the function f(xn), which was used here.

|f(xn)| <= ε (64)

Assigned to the 6-dimensional case under usage of 10 di�erent measure po-
sitions follows:

~f(xn) =




f1,x(~xn)
f1,y(~xn)
f1,z(~xn)

...
f10,y(~xn)
f10,z(~xn)




f ′(~xn) = J(~xn) =




∂f1,x( ~xn)

∂tx

∂f1,x( ~xn)

∂ty
. . . ∂f1,x( ~xn)

∂tγ
∂f1,y( ~xn)

∂tx
. . . . . . . . .

. . . . . . . . . . . .
∂f10,x( ~xn)

∂tx
. . . . . . ∂f10,z( ~xn)

∂tγ




(65)

Where J the iteration rule, which is used to solve the set of equations using
the Newton iteration method, it can be described in matrix noti�cation:

~xn+1 = ~xn − pinv(J(~xn))− ~f(~xn) (66)

Where pinv(J(~xn)) is the pseudo-inverse matrix of the Jacobian matrix
J(~xn).

4.6.1 Interpolation of robot movements

One important step in the process of correction and improvement of the lin-
ear track is the mathematical identi�cation of the track pro�le. In the last
section it was explained, how the single identi�ed coordinate systems of the
sampling points on the track can be calculated.

Using this coordinate systems, the next approach is to get a mathemati-
cal function, describing the non-linear shape of the track. This can be used
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to express the non-linearity of the track even between the sampling points.

The interpolating function [29], [54] should be adapted as good as possi-
ble to the real behavior of the track, because the resulting di�erence between
mathematical description and real behaviour remains as an error component
and is decreasing the resulting application accuracy.

Two di�erent methods for description of the track were used and analysed in
this thesis and tested with an own developed MATLAB program [29], [60],
[47]. The �rst method is to �nd one function for interpolation of all sampling
positions. The second method is to �nd an interpolation function composed
of multiple functions describing the track behavior between each two sam-
pling points.

The calculation of the interpolation function was implemented in a sepa-
rate program o�ine to the application. The used data are real measurement
data from a robot movement, measured with a Leica laser tracker.

Additionally to the robots linear track movements, di�erent geometries of
robot movements were analysed. For the interpolation of 3D-movements,
each direction was separately interpolated. The basic idea of all three meth-
ods was to �nd a continous function g(x) which approximates a given tabu-
lated function f(x) in the way that:

(f(x)− g(x))2 < ε, ε > 0 (67)

4.6.2 Applied interpolation methods

Polynomial interpolation

The basic idea of the polynomial interpolation method is to �nd the in-
terpolating function g(x) by construction of one polynomial function with
the degree of N . This polynomial function is �x for one set of sampling
points. The polynomial of degree N , which interpolates a function f(x)
given through N tabulated values [14] is represented by:

pn(x) = anx
n + an−1x

n−1 + . . .+ a1x+ a0 (68)
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For the calculation of pn(x) there are di�erent methods possible to use, such
as Newton, Bessel, Lagrange or Stirling [13]. All this methods are well known
and can be chosen considering the needs and contraints of the current ap-
plication. The interpolation results, used in this thesis were created by the
least-square method [12].

Trigonometric interpolation

The trigonometric interpolation method is based on an interpolation function
consisting of trigonometric components [14]. These components are calcu-
lated individually and composed to the function tn(x):

tn(x) = a0 +
n∑

j−1

aj cos(jx) +
n∑

j−1

bj sin(jx) (69)

For an e�cient calculation of the trigonometric components of the inter-
polating function tn(x) the FFT-algorithm was used [14].

Cubic Spline interpolation

The basic di�erence of the cubic spline interpolation method compared to the
polynomial and trigonometric interpolation methods is the split-up-behavior
of this function. The interpolating function using this method is not repre-
senting the whole interpolation area, but only the area between two sampling
points.

The cubic spline interpolation is based on the theory to interpolate a tabu-
lated function in sub-parts by calculation of cubic spline elements between
the sampling points of the given tabulated function, thus:

Si(x) = ai + bi(x− xi) + ci(x− xi)2 + di(x− xi)3 (70)

One great advantage of this method is the �exibility in the number of el-
ements. The e�ort for calculation of the interpolating function is linear
increasing with the number of sampling points of the tabulated function.

Another positive aspect for the choosing of cubic spline interpolation is the
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two-times continuously di�erentiable ability of the splines. This behavior is
very close to the behaviour of deforming metal parts and with this excellent
for the interpolation of linear tracks.

4.6.3 Interpolation tests

As a test case for interpolation methods for industrial robot movements, dif-
ferent geometries were tested in this thesis. Each geometry covers certain
movement and accuracy aspects of the robot. They are part of a test path
integrated in the european standard ISO 9283 [2] in the so-called "optional
test path".

Tested geometries
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3.3 Untersuchen der Interpolationen zur Annährung
der Roboterbewegungen

In dieser Thesis werden die meisten vorhandenen Interpolationsverfahren in Ver-
bindung mit Annäherung an bestimmte Roboterbewegungen gebracht und die
Unterschiede bei der Annäherung werden genau betrachtet. In Versuchen werden
drei typische Roboterbewegungsformen, nämlich Geraden, Kurven und Ecken
untersucht.

Abbildung 3.3: Gerade

Abbildung 3.4: Kurve

Abbildung 3.5: Rechteck

Die oben genannten Bewegungspfade des Roboters werden programmiert. Der
Verlauf des Roboters wird mit einem Leica-Messsystem aufgenommen. Aus den

Figure 43: Straight line movement

As a simple but mostly used movement, a straight line geometry (�gure 43)
was tested. For this, the used robot was programmed with a linear movement
from point A to point B with movement distances of 1000 mm and 700 mm
in each direction.

As a more di�cult task, in step two there is a circular movement part in-
tegrated into the straight line movement (see �gure 44). This represents
applications like sealing of tire frames in automotive production.

This geometry is more di�cult for the robot to move, because it represents
edges and circular parts. Even for the interpolation it is more di�cult to
�nd an interpolation function with low di�erence values from the real mea-
surements.
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Figure 44: Lin-Circ-Lin movement
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Figure 45: Rectangular movement

The third and most complex movement geometry is done by an rectangular
movement (�gure 45). This movement is on the one hand di�cult to move
for the robot, on the other hand even di�cult to interpolate exactly, caused
by the several edges in the movement path.
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Interpolation results

For calculation of the interpolation quality, the tabulated function was in-
terpolated, using the three mentioned interpolation methods. After that, a
comparison of the interpolation function with a second measurement run was
done. This measurement run was taken at a very low movement speed of the
robot and a high sampling rate of the measurement system.

Figure 46: Interpolation of straight line movement

The �gures 46 and 47 are showing the interpolated path and the error dipo
between real movement and interpolation function for the three interpolating
functions polynomial (blue), cubic spline (green) and trigonometric interpo-
lation. The interpolated movement path is shown in the top of �gures 46
and 47, the resulting deviation to the high-accurate measurement data of
the slow run is shown in each bottom �gure.
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Figure 47: Interpolation of lin-circ-lin movement

In �gure 48 there is only the trigonometric interpolation function shown.
Applied on rectangular movements, the interpolation results of the trigono-
metric interpolation is much better.

Considering the movements geometries, which are directly applicable to the
real track deformations, the focus is on linear and curve-shaped forms. With
this, the cubic spline interpolation was the most accurate and easy-to-calculate
interpolation method. For this reason, the cubic spline interpolation was cho-
sen to be implemented in the correction algorithm and with this even into
the correction program.



4 LINEAR TRACK 91

Figure 48: Trigonometric Interpolation of rectangle line movement

4.6.4 Implementation of cubic spline interpolation

The origin for the interpolation is a given tabulated function F (xn) de�ned

by the calculated coordinated systems ~Ti of the track.

This 6-dimensional description of the n sampling points is divided into 6
di�erent 1-dimensional functions in x, y, z, α, β, γ. For example, the function
for z is given by:

Rz(xn) = R0(x0, y0), R1(x1, y1), ..., Rn(xn−1, yn−1) (71)

One of the basic advantages of the interpolation of Rz using cubic splines is
the low e�ort for increasing the number of sampling points, due to the cal-
culation of sub-functions - is this case called splines - between two sampling
positions.

This splines, notated by Si are combining the sampling points to each other
and satisfying pre-de�ned constraints. Due to this constraints the character-
istic of the interpolation function is smooth and close to the real geometrical
behavior of the linear track.

The given constraints are de�ned as follows:
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• The interpolating function S(x) hits every sampling point exactly.

• Two splines of S(x) are hitting each other exactly in the sampling
points.

• The splines of S(x) are due to their cubic order two times steady dif-
ferentiable.

At all, for calculation of the interpolating function S(x) for a given tabulated
function Rz(xn) a calculation of n− 1 splines is necessary. This can be done
in an e�cient algorithmic way, which is explained in the following. All this
calculations were done for each degree of freedom separately.
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Non-parametric cubic spline function

As a prediction for the interpolation using non-parametric cubic splines, the
given tabulated points of the function R(x) have to be represented in an or-
dered way for each degree of freedom [14], thus:

a := x0 < x1 < . . . < xn =: b (72)

This is always given, if the track pro�le was measured sequentially along the
movement direction of the track.
As a second prediction, the resulting interpolating function S(x) has to be
2-times di�erentiable in every point. As mentioned before, the cubic splines
of the the interpolation function combined together result in S(x):

S1(x), S2(x), . . . , Sn(x) := S(x) (73)

The splines Si(x) are represented by a ploynomial with degree of three and
a set of four unknown variables:

Si(x) = ai + bi(x− xi) + ci(x− xi)2 + di(x− xi)3 (74)

with x ∈ [xi, xi+1], ai, bi, ci, di ∈ R, i = 0(1)n

The function S(x) can now be constructed from n− 1 spline functions Si(x)
where n represents the number of tabulated values in R(x). For every Si(x)
there are 4 di�erent unknown coe�cients to calculate, which gives in total
an amount of 4(n− 1) coe�cients.

The needed equation set for calculation is given via function constraints of
the splines. With the prediction to be 2-times di�erentiable, the constraints
to hit in every point and to �t to each other, for the splines follows:

Si(xi) = yi, i = 0(1)n (75)

Si(xi) = Si−1(xi), i = 1(1)n (76)

S ′i(xi) = S ′i−1(xi), i = 1(1)n (77)

S ′′i (xi) = S ′′i−1(xi), i = 1(1)n (78)
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The corresponding derivative to S(x) can also be calculated using the poly-
nomial representations, thus:

S ′i(xi) = bi + 2ci(x− xi) + 3di(x− xi)2 (79)

and
S ′′i (xi) = 2ci + 6di(x− xi) (80)

Setting hi = xi+1 − xi as sampling di�erence depending on the used sam-
pling rate during scan measurements of the linear track, gives an algorithm
to calculate the unknown coe�cients of the splines Si(x):

ai = yi (81)

bi =
yi+1 − yi

hi
− hi

3
(ci+1 + 2ci), i = 0(1)n− 1 (82)

di =
1

3hi
(ci+1 − ci), i = 0(1)n− 1 (83)

The needed coe�cients ci for equations 82 and 83 are taken from a linear set
of equations represented by a matrix multiplication:

~A · ~c = ~a (84)

This matrix is constructed by a set of equations which are used to identify
ci depending on the current index i:

i = 1 :

2(h0 + h1)c1 + h1c2 = 3
y2 − y1

h1

− 3
y1 − y0

h0

− h0c0 (85)

i = 2(1)n, n >= 4 :

hi−1ci−1 + 2(hi−1 + hi)ci + hici+1 = 3
yi+1 − yi

hi
− 3

yi − yi−1

hi−1

(86)
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i = n− 1, n >= 3 :

hn−2cn−2 + 2(hn−2 + hn−1)cn−1 = 3
yn − yn−1

hn− 1
− 3

yn−1 − yn−2

hn− 2
− hn−1cn (87)

The matrix A, c and a which describe the complete equation set for the
calculation of the ci-parameter can be expressed by:

A =




2(h0 + h1) h1 0 . . . 0
h1 2(h1 + h2) h2 . . . 0
0 h2 2(h2 + h3) . . . 0
. . . . . . . . . . . . . . .
0 . . . 0 hn−2 2(hn−2 + hn−1)




(88)

c =




c1

c2

. . .
cn−2

cn−1




(89)

a =




3 · y2−y1
h1
− 3 · y1−y0

h0
− h0c0

3 · y3−y2
h2
− 3 · y2−y1

h1

3 · y4−y3
h3
− 3 · y3−y2

h2

. . .
3 · yn−yn−1

hn−1
− 3 · yn−1−yn−2

hn−2
− hn−1cn




(90)

The special structure of the matrix A brings an advantage to the solving
algorithm of the equation set. It is tridiagonal, symmetric and strongly di-
agonal dominat with only positive elements. With this predictions, A is
proofed to be invertable.

With the ability of A being invertible, the equation set can be solved us-
ing an appropriate method, for example the Gauss or Cholesky algorithm
[12]. The missing parameters c0 and cn can be calculated using the bound-
ary conditions.
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4.7 Correction of the linear track

To decrease the positional de�ections components of the robots TCP which
are caused by the linear tracks geometrical de�ections, the track accuracy
can be improved in two di�erent ways.

4.7.1 Manual adjustment using track analysis data

Using the continuos description of the track pro�le after �nding the inter-
polating functions Sp(x), a manual adjustment of the track can be done.
For this, the adjustment screws of the track can be used, to improve the
geometrical shape of the track rails in z- and y - direction (assuming x as
movement-direction)

The interpolation function delivers a continuos description for each degree of
freedom in an arbitrary position on the track:

Sp(x)→ Sx(x), Sy(x), Sz(x), Sα(x), Sβ(x), Sγ(x) (91)

To achieve an optimal position and shape of the track rails, the resulting
accuracy is depending on the linearity of the track rails. The resulting direc-
tion of the rails after assuring good linearity behavior, can be compensated
through the alignment of the robot.

Thus, the di�erence between the interpolation function and a regression line
through the sampling frames of the track de�nes the resulting compensation
o�set for manual adapting. For one example degree of freedom, in z:

∆zn = Sn(x)− b0,z − x ·mz (92)

Where b0,z is the y-axis value and mz the slope value of the regression line
for z.
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A sample measurement of a linear track for a middle-size sealing robot shows
gives an overview to the occuring di�erences (table 4).

x y z α β γ
Pos1 0 0 0 0 0 0
Pos2 1999.566 0.682 -0.428 0.0100 0.0002 0.0056
Pos3 3999.563 1.718 -0.651 0.0119 0.0030 0.0116
Pos4 5999.005 3.412 -0.852 359.9981 359.9954 0.0336
Pos5 7998.801 5.679 -0.657 0.0205 359.9968 0.0593

Table 4: Detected coordinate frames in sampling positions

The linear track was measured in 5 di�erent skid positions with the same
10 di�erent TCP positions of the robot. Corresponding to that, there are 5
di�erent frames identi�ed, which are depicted as Pos1 to Pos 5 in table 4.

The resulting regression line in relation to the identi�ed z-positons of the
the coordinate frames is shown in �gure 49. Based on the fact, that the
measurement system is exactly leveled, it can be seen that the linear track is
going down in z while moving the robot in positive x-direction along the track.

The position of the coordinate frames in z with relation to the �rst coor-
dinate systems can also be seen in �gure 49. It shows, that the track is
slightly arcuated if considering only z-direction.

The more important part of the position information is given by �gure 50.
The absolute error between one arbitrary coordinate system of a sampling
point, compared to the �rst one is an useful practical value to see the geome-
try of the track in total. But, as mentioned before, the main track direction is
identi�ed by the alignment and with the proper alignment vector integrated
into the robot control, even compensated.

The positional deviations to this regression line as they are shown in �g-
ure 50 have to be compensated in a di�erent way, in this case manually by
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Figure 49: Sampling points and regression line for z-coordinate

Figure 50: Di�erences to best-�t line in z-direction
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using the adjustment screws of the linear track.

One crucial aspect of adjusting the linear track manually is, that due to
the coupled system, the adjustment of one part of the linear track is in�u-
encing another part of the track.

The translational parts of the deviation vector is intuitively adjustable, but
the coupled rotational deviations are hard to control. For this reason, a
special method for depicting the rotational in�uence and direction was im-
plemented in this thesis.
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The so-called twist diagram is a permutation of the rotational in�uence into
a translational in�uence (�gure 51).

Figure 51: Twist diagram

The created curve is the 2D-projection of 5 di�erent sampling positions (Pos
1 - Pos 5) on the linear track, each measured in 3D-coordinates. The projec-
tion is done into the x,y-plane. Ampli�ed by a lever of 1 meter in +z-direction
in robot base, the deviations to the start position Pos 1 are detectable in the
2D-plane diagram (�gure 51). A rotational di�erence of 0.1◦ for example, is
causing in a translational deviation of 1.75 mm in the diagram.

Using this diagram, it is possible to use the adjustment screws of the lin-
ear track to apply a proper position and shape to the linear track rails and
with this to improve the resulting accuracy of the track without correction
by software.
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4.7.2 Theorectical compensation of the linear track

Without adaptation of the real geometry and position of the linear track it
is possible to improve the application accuracy by correction of the robot
movements theoretically. With this, the robots current skid position on the
track is used to calculate a 6-dimensional correction vector to compensate
the linear track error in�uences.

This procedure can be on the one hand used to improve the accuracy of
one o�ine constructed robot program, but on the other hand also for adap-
tation to other robots.

The adaptation of one robot program to another robot on a di�erent lin-
ear track is based on the di�erent geometries of their linear tracks a sensitive
process. Subchapter 8.1 is dealing with the demands of this tasks.

Modi�cation of robot program

The basic idea of theoretical compensation of linear tracks is an integrated
correction o�set for the robot program. Depending on the skid position, this
correction value di�ers. In �gure 52 are two di�erent robot positions Rob-
Pos1 and RobPos n depicted.

In RobPos 1, the robot uses a workobject transformation WO1. The de-
sired target position of the robot in this linear track position is depicted as
To�ine.

If the robot now moves along the linear track to another position RobPos
n, its translational position and - more crucial - its orientation will due to
the linear track geometry not be the same as in position RobPos1. To hit
the same point at the workobject the programed position now should be
Tdef which is di�erent to To�ine which was used before (the translational

shift caused by the linear track movement from RobPos1 to RobPosn is not
focused because it is integrated in the program commands).
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Figure 52: Correction o�set

To use the o�ine robot program with the programed point To�ine even at

RobPos n, an adapted transformation WO(l) depending on the current skid
position is calculated, which contains the transformation WO1 and also a
correction transformation depending on the skid position on the track. This
correction transformation is applied to the robot program point To�ine,

thus:

Tcorr = (WO1)−1 ·WO(l) · Toffline (93)

After modi�cation of all o�ine generated robot program points, the current
program is adapted to the linear track real pro�le. With this, the de�ections
caused by the non-linear geometry of the track are compensated individually
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in each position on the track.

Online correction during robot movement

The basic step of correcting the robot movements is done by o�ine modi�ca-
tion of the robot program. This can be done by special automated software
in which the prior measured and calculated linear track pro�les are included.

A more �exible way of correction is the modi�cation of the robots TCP
position during robot movements. For this, an appropriate interface control
is needed, to assure a high-speed correction of the current TCP position.

With this interface, a correction value for the current TCP position of the
robot can be processed in the interpolation cycle of the robot control. The
corresponding correction value can be calculated by an autonomous software
from the current sensor data of the linear track position encoder.

This software, needed for the calculation and interchanging of the correc-
tion parameters to the robot control was during this work implemented as a
prototype working with ABB robots.
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4.8 Software module for automated movement control

The prototype software for the automated correction of the robots TCP is
a program developed in C++. It is consisting of a graphical user interface
based on MFC (Microsoft Foundation Class) for easy handling.

Figure 53 is presenting the special module structure of the software system.
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Figure 53: Module structure of online correction program

Divided into three di�erent sections, the base module of the software is
responsible for basic calculation and communication routines. This rou-
tines provide functionalities like the calculation of the implemented spline
functions, the appropriate matrices and vectors or communication tasks like
R/W-operations on the robot interface.

The data module is on a higher logical level and is collecting and using
the calculated data from the basis module. In this part of the software, the
complete interpolation results and coordinate systems are calculated or the
robot interface is globally controlled.

On the top, the GUI module is providing the user interface functionality
including the con�guration of the software settings like interpolation or con-
nection parameters.
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4.8.1 Software functionalities

The graphical user interface of the software is consisting of a dialog based
window like shown in �gure 54.
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Schicht genutzt, die als eigentliche Datenzusammenfassung des Verfahrens dient.
Die vorliegenden Funktionen wurden in drei Teile zusammengefasst, Berechnung
der Interpolation, Berechnung von Koordinatensystemen und COM-Port. Darauf
aufgesetzt ist die graphische Benutzeroberfläche GUI, die eine interaktive Kom-
munikationsmöglichkeit mit der Maschine bietet.

6.1.2 Funktionalitätsvorstellung

Nach dem Start des OnlineCorrectionTools ö!net sich das Hauptdialogfenster
des Anwendungsprogramms, welches den Zugang zu den Hauptfunktionen be-
reitstellt.

Abbildung 6.2: Benutzeroberfläche der Software OnlineCorrectionToolFigure 54: Graphical user interface of software prototype

The program is structured into three parts: interpolation, measurement and
settings. Every single block is responsible for a di�erent part of the pro-
gram where the user can take action in changing parameters or calculation
predictions.
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Interpolation

Figure 55: Interpolation function block

Three di�erent possible interpolation methods are available for the user (�g-
ure 55). For easy changing of the o�ered interpolation methods, each of them
is implemented in an own C++ class. Using the button "Load Messdata",
the prior measured scan data of the linear track can be opened and used for
the interpolation. After opening the measurement data, the "Track Motion
Interpolation" button can be used to calculate the interpolation function for
the track. Figure 56 shows an example for a cubic spline interpolation on
real linear track scan data generated by the software.

Figure 56: Interpolation result
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Measurement
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Abbildung 6.4: Interpolationsergebnis

Aus diesem Grund werden die Interpolationsverfahren in zwei Schritte unterteilt,
erstens Berechnung der Interpolationskoe!zienten und zweitens Berechnung der
Interpolationswerte. Beim Bestätigen des Buttons „Track Motion Interpolation“
werden nur die passenden Koe!zienten für die Interpolation, die man ausge-
wählt hat, berechnet. Die aktuellen Interpolationswerte werden während der
Durchführung eines Korrekturvorgangs rechtzeitig berechnet.

Measurement

Abbildung 6.5: Funktionsblock des Measurements

Dieser Funktionsblock stellt die programmtechnische Struktur der automatischen
Auswertung der Online-Positionskorrektur detailliert dar.

Figure 57: Measurement function block

This block is re�ecting the program structure for the automated position
control of the robots TCP (�gure 57). One of this is the ABB "Go home"
function which is used to place the robot to an exact start position before
every run.

Using the method "FineScan" o�ers the user an ability to move the robot at
a very low movement velocity and without correction of the TCP along the
track. The resulting measurement data can afterwards be used for calcula-
tion or for a comparison of the interpolation to the real measured test data
from this low speed run.

After connection with the robot using the appropriate button and loading the
low speed measurement data, the automatic correction mode can be started.
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Settings
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In dieser Aufgabe wurde eine Home-Position des Roboters definiert. Es ist die
Start-Position der Auswertung der Geradenfahrt. Bevor jede Messungsfahrt ge-
startet wird, bestätigt man den „Go Home“-Button, um der Roboter zu dieser
Position zurückzufahren.

Eine Fahrt des Roboters ohne rechtzeitige Korrektur wird mit der implementier-
ten Funktion „Finescan“ ermöglicht. Dies ermöglicht den späteren Vergleich von
Roboterbewegungen mit und ohne Online-Positionskorrektur. Beim Fahren wird
die Datei „Robtarget.txt“, in der die Positionsdaten gespeichert werden, erzeugt.

Diese Datei wird in dem nächsten Schritt per Klick auf den Button „Load“ im
Anwendungsprogramm geladen, um weitere Berechnungen durchzuführen.

Nun kann man einen vergleichenden Verlauf starten. Per Klick auf den Button
„Start Correction“ wird eine Fahrt, welche die gleichen Bewegungsbefehle bei
gleicher Geschwindigkeit wie bei der Fahrt mittels „Finescan“ durchführt, mit
einer zusätzlich berechneten Online-Positionskorrektur begonnen.

Die beiden Fahrten werden mit einem externen Messsystem namens Leica Laser
Tracker LTD 800 aufgenommen und die Messwerte werden mittels einer Tabel-
lenkalkulationssoftware wie beispielsweise Microsoft Excel ausgewertet.

Settings

Abbildung 6.6: Funktionsblock des Settings

Zur Kommunikation zwischen der Robotersteuerung und dem Steuerungsrech-
ner wird, wie bereits erwähnt, eine serielle Schnittstelle mit dem Standard EIA/RS-

Figure 58: Settings function block

For the communication between robot control and the user PC for the pro-
totype software, a serial connection was used (�gure 58). To con�gure this
serial connection, it is possible for the user to change the connection pa-
rameters using the Settings function block of the software. With this, it is
possible to adapt the robot and PC settings to each other for an optimal
communication rate between both partners robot and controlling PC.

4.8.2 Robot program software structure

For the automated correction, the software module which is working on the
user PC is not su�cient. For controlling the robot, it is necessary to run a
special robot program, which is corresponding with the PC program on the
user side.

This, on the robot control running program, is receiving and sending com-
mands using the serial interface between robot and user PC. The �owchart
in �gure 59 illustrates the process of the robot program.
Before the program starts, the serial connection has to be established. This is
done by using the according button on the teach panel using "TPReadFK".
Following on this, the "command" routine is sending commands generated
by function buttons which can be selected in the user software. On sending
an "end connection command (ENDCO)" the program is disconnecting from
or to serial port.
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Abbildung 6.7: Flussdiagramm für das Anwendungsprogramm des ABB Roboters
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Abbildung 6.7: Flussdiagramm für das Anwendungsprogramm des ABB RobotersFigure 59: Robot program software structure
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4.9 Error analysis

The interpolation, using the cubic splines can never be perfectly adapted to
the real behavior of the linear track. For this, a residual error is existing,
which is estimated in the following section.

One aspect of the mathematical description of the robot movement along
the linear track, is the interpolation of discrete measured points, which de-
scribe the robot movement. One interesting part is the maximum possible
deviation between the linear and the cubic spline interpolated function.

For this, measurement results from a high-accuracy measurement of the track
are taken to deliver predictions about possible di�usion and deviations of the
measurement values. The goal is, to take a quantitative prediction about the
resulting error of the interpolation.

Geometrical derivation

With a given cubic spline function S(x), de�ned on x ∈ [xa, xb], the per-
pendicular distance h between a straight line G(x) from xa to xb and S(x) is
needed (�gure 60).
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S(x) xa xb

d

S(x)
G(x)

X
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X
b

S(x) xa xb

S(x) = a + b(x" xa) + c(x" xa)
2 + d(x" xa)

3

xa xb

x
a

x
a

x
b

x
b

Pmax

h

Figure 60: Interpolation of two points using cubic splines

Based on the attributes of cubic spline functions, the resulting interpola-
tion curve can be de�ned by:

S(x) = a+ b(x− xa) + c(x− xa)2 + d(x− xa)3 (94)
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In dependency to the point coordinates of xa and xb, the resulting spline
can take di�erent shapes (�gure 61):

S(x)
x ! [xa, xb] d p

S(x) xa xb

d

S(x)
G(x)

X
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X
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S(x) = a + b(x" xa) + c(x" xa)
2 + d(x" xa)

3

xa xb

x
a

x
a

x
b

x
b

Figure 61: Possible geometrical shapes of S(x)

The next question is, how the geometrical shape of the interpolation function
has to be like, for getting a maximum distance between cubic spline S(x) and
straight line G(x).

As a prediction should be, that in the point with the most bending of the
curve, the maximum distance is located (�gure 61).

Calculation of the maximum clearance

Like shown in �gure 60, a cubic spline S(x) and a straight line G(x) between
two points A and B are given. We must �nd the maximum perpendicular
distance d between S(x) and G(x).

The corresponding function descriptions are equation 94 and:

G(x) =
yb − ya
xb − xa

· x+
xbya − xayb
xb − xa

(95)

With a parallel shift of G(x) by the distance d, the straight line G(x) is
touching the spline S(x) in exactly one point Pmax. This point Pmax on the
cubic spline has got the maximum distance d to G(x).

To �nd Pmax in a calculative way, a point on the cubic spline has to be
detected, which has got the same gradient like in Pmax. In this example, the
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result is exact, because S(x) has got no turn tangent between xa and xb.

It follows:

S ′(xmax) = m =
yb − ya
xb − xa

(96)

Thus:

S ′(xmax) = b+ 2c(xmax − xa) + 3d(xmax − xa)2 =
yb − ya
xb − xa

= m (97)

⇔ b+ 2cxmax − 2cxa + 3dx2
max + 3dx2

a = m+ 6dxmaxxa (98)

⇔ x2
max + 2

c− 3d

3d
· xa · xmax +

c− 3d

3d
· xa

2

= m+
c− 3d

3d
· xa

2

+ 2cxa − 3dx2
a − b (99)

⇔
(
xmax +

c− 3d

3d
· xa

)2

=
m− b+ 2cxa

3d
− x2

a +
c− 3d

3d
· xa

2

(100)

⇔ x1,2 = −c− 3d

3d
· xa ±

√
m− b+ 2cxa

3d
− x2

a +
c− 3d

3d
· xa

2

, d 6= 0

(101)

The solution for xmax shows explicitly, that if the parameter d of the spline
function is non-zero, two maximum deviations can be found.
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4.10 Relevance of the factor d

In the following it will be shown, that the maximum deviations will be more,
if the factor d gets to zero.

For the construction of a cubic spline from point Xa to point Xb it is an
important consideration which border derivation are used in the calculation.
With varying di�erentiations in the points Xa and Xb, the curve will take
di�erent bendings.

The maximum bending of S(x) is reached with a maximum gradient dif-
ference between Xa and Xb. This has got a maximum if the gradient ma in
Xa and the gradient mb in the point Xb is like:

ma = −mb (102)

The maximum possible di�erence between two sampling points of the track
measurement in one coordinate is in�uencing the maximum gradients. A
bigger distance between Xa and Xb is increasing the resulting di�erence be-
tween S(x) and G(x).

For a maximum clearance from S(x) to G(x), no turning point will be exist-
ing between Xa and Xb. The avoidance of a turning point results always in
a positive factor d of the spline function [15].

4.11 Example of the calculation with given border deriva-

tions

Given is a set of measured sampling points (xi, yi), i = 0(1)3 with

i 0 1 2 3
xi 0 100 200 300
yi -0.25 0.25 0.25 -0.25

The interpolating cubic spline function S(x) has to be calculated using given
border derivations:

S ′(x0) =
y1 − y0

x1 − x0

= m S ′(x3) =
y3 − y2

x3 − x2

= m′ (103)
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Coe�cient calculation
The �rst step is the calculation of the coe�cients ci, the only non-trivial co-
e�cients, which are not depending on other coe�cients. The ai coe�cients
are represented by the yi measurement values of the sampling points.

The resulting coe�cients c0 to c3 are represented by:

c0 =
1

2h

(
1, 5

h
− 3m− hc1

)
(104)

c1 = −1

3

1

h2
= −1

3
· 10−4 (105)

c2 = −1

3

1

h2
= −1

3
· 10−4 (106)

c3 = − 1

2h

(
−1, 5

h
− 3m′ + hc2

)
(107)

The other parameters of the cubic spline functions S0(x), S1(x) and S2(x)
can be calculated by simple insertion in the corresponding formulas [14].

Resulting are the following functions:

S0(x) = −0.25 + 5 · 10−3(x− x0) + 0.0166 · 10−3(x− x0)2

−0.166 · 10−6(x− x0)3 (108)

S1(x) = 0.25 + 3.33 · 10−3(x− x0)− 0.033 · 10−3(x− x0)2 (109)

S2(x) = 0.25− 3.33 · 10−3(x− x0)− 0.033 · 10−3(x− x0)2

+0.166 · 10−6(x− x0)3 (110)
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4.12 Absolute value and position of deviation maximum

For the calculation of the correct position of the deviation maximim of S(x)
and G(x), the equation (101) for xmax has to be adapted, because the case
d = 0 is not admissable. The equation is changing to:

b+ 2c(xmax − xa) = m =
y2 − y1

x2 − x1

(111)

⇔ xmax =
m− b+ 2cxa

2c
=︸︷︷︸
m=0

150 (112)

The position with the most deviation is - like assumed - exactly in the middle
of S1(x). The absolute value can be calculated by:

S1(xmax)− y1 = dmax = 0.3417− 0.25 = 0.092 (113)

Using this, the maximum deviation of the cubic spline interpolation can be
calculated which can be used for predictions about the interpolation quality.
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5 Automated documentation of dynamic accu-

racy

5.1 Automated program for documentation of robot anal-

yses

Automated Program for Documentation of Robot analyses - AProDoR - is
a MFC-based Microsoft Windows application [18] for analyzing and docu-
mentation of robot measurements. It was developed during this work in
collaboration with a german car manufacturer.

5.1.1 Intention of AProDoR

AProDoR was in the �rst step basically developed to relieve the user in doc-
umentation of measured industrial robots. After the measurement of up to
200 di�erent movements, consisting of up to 5000 measurements each, the
e�ort for an objective documentation and analyzation of the data is high,
caused if no automated processing of the data is achieved.

For complex calculations, special techniques in cutting one measurement of
a single movement trajectory into slices is needed. For the user, this is an
exhausting and di�cult task because of searching key positions inside of a
point cloud of several thousand positions.

AProDoR was meant to solve this problem and to change this time-consuming
and error-prone task into an easy-to-use and optimized solution. Based on
intelligent routines for �nding the key positions inside of the data crowds,
the analysis of the robots TCP movements can be done in an objective way.

Added by illustrations of the analyzation results, the generated output by
AProDoR can directly be used as presentation material for a quick overview
and comparison about the robots dynamic behavior and accuracy.
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5.1.2 Functional structure

AProDoR is devided into four di�erent parts, which are each supporting an
analyzation of a special movement geometry. Various interpretation and cal-
culation methods are used, to identify the needed parameters for predictions
about the resulting robots movement accuracy and behavior.

Figure 62: AProDoR information �ow

The basis structure [17] of all modules, integrated into AProDoR is shown in
�gure 62. Based on a given set of measurement data, a calculation function
is responsible for creating the needed numerical results, like maximum devi-
ation, repeating accuracy or anything else de�ned by the user (see table 5).

Via a graphical user interface, adapted to each module, the user is able
to enter speci�c data and the corresponding measurement �les for one move-
ment analyzation. Di�erent settings concerning number of repetition cycles
or used robot movement behaviors are processed by the calculation module
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for creating the result output. Also calculation results needed for the vi-
sualization module are generated by the calculation module, based on the
measurement data.

Velocity or deviation diagrams for example facilitate the online-interpretation
of the taken measurement data for the user. The created visualization di-
agrams are also used for the �nal documentation output of the software,
which is represented by a result-summary in Portable Document File format
(PDF).

5.2 Example : Straight line movements

Straight line movements are documented in two parts. For a quick overview
about the basic facts of the movement results, an information table like shown
in table 5 is generated.

Path length 1.08 m
Ideal velocity 600 mm

s

Measured velocity 598.8 mm
s

%-velocity deviation (max) ± 11.8%
Acceleration 6.6 mm

s2

Max. path deviation 1.29 mm
Repeating uncertainty 0.08 mm
Absolute deviation at start position 1.096 mm
Absolute deviation at end position 0.663 mm

Table 5: Fact overview in straight line documentation

It is a summary about the most important analyzation results, delivered by
the calculation module (see �gure 62).

In the �gure 63, the 3-dimensional movement of the robots TCP is split
into 3 di�erent plane views in �gure 63. Focusing on each 2-dimensional
plane, the robots real behavior (shown in red) can be compared to the ideal
path (shown in green).

Clearly to see, there are the typical path deviations at the beginning and
end of the movement path. This re�ects in the diagram for the absolute
deviations (�gure 64).
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Figure 63: Di�erent plane views for straight line documentation (green: ideal,
red: real)
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The used robot for the application of the presented analyzation was a com-
mon industrial robot, normally used for sealing applications in automotive
industry. As an example for one of the various opportunities to make predic-
tions about the robots movements behavior, the real measured TCP move-
ment shown in the x/y-plane and x/z-plane diagram of �gure 63 is taken.

The red line represents the measured path, which is a�icted with a posi-
tional error to the ideal straight line movement. A very important fact to
that dynamic error is, that the measured deviation is nearly constant after
start acceleration and before end acceleration of the robot arm.
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Figure 64: Absolute deviation of real movement to ideal path in mm

In combination with the absolute deviation diagram in �gure 64, a deviation
up to 1.2 mm was calculated (see table 5). This deviation would exceed the
tolerated dynamic accuracy in application. But due to the e�ect, that the
real movement is represented like a parallel movement to the ideal line with
only ± 0.25 mm in average, it can be tolerated in application after adjusting
the start and end positions.
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Figure 65: Look-through diagram of straight line movement

The parallel movement can also be seen using the look-through diagram (�g-
ure 65). Here, even the exact position of the parallel movement line can be
located, using the density distribution. A de�nite zone in the lower right edge
with a center-of-gravity at approximately (0.5 mm,−0.8 mm) in x/y-plane
of the look through can be located.

The dimensions x = 0.5 mm and y = −0.8 mm of this area can be esti-
mated to ±0.1 mm in width and ±0.35 mm in height. Corresponding to
each vector length of the single points, it is �tting with the prior mentioned
deviation zone of ±0.25 mm out of the absolute deviation diagram (�gure
64).



5 AUTOMATED DOCUMENTATION OF DYNAMIC ACCURACY 122

2

-1.2

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

-0.3 -0.2 -0.1  0  0.1  0.2  0.3  0.4  0.5  0.6  0.7

y
-A

c
h

s
e

 (
m

m
)

x-Achse (mm)

lin_vO_600_1 in Durchsicht

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  200  400  600  800  1000  1200  1400

A
b

w
e

ic
h

u
n

g
 i
n

 m
m

Punkte

lin_vO_600_1 - Abweichungen in mm von der Sollgeraden

 0

 100

 200

 300

 400

 500

 600

 700

 0  200  400  600  800  1000  1200  1400

v
 i
n

 m
m

/s

Punkte

lin_vO_600_1 Geschwindigkeit

-400

-200

 0

 200

 400

 600

 800

 2001.4  2001.6  2001.8  2002  2002.2  2002.4  2002.6  2002.8  2003

y
-A

c
h

s
e

 (
m

m
)

x-Achse (mm)

lin_vO_600_1 in x,y - Ebene

-2000

 0

 2000

 4000

 6000

 8000

 10000

 2001.4  2001.6  2001.8  2002  2002.2  2002.4  2002.6  2002.8  2003

z
-A

c
h

s
e

 (
m

m
)

x-Achse (mm)

lin_vO_600_1 in x,z - Ebene Faktor: 30

 800

 850

 900

 950

 1000

 1050

 1100

 1150

 1200

 1250

-400 -200  0  200  400  600  800

z
-A

c
h

s
e

 (
m

m
)

y-Achse (mm)

lin_vO_600_1 in y,z - Ebene

ve
lo

cit
y 

in
 m

m
/s

measured points

Figure 66: Velocity diagram

The velocity for the TCP movement was at a speed of 600 mm/s, which can
be seen in the velocity diagram (�gure 66) . The resulting acceleration can
be calculated from the velocity ramps.

After all, the movement behavior of this robot can be summarized as ad-
equate for applications with needed robot accuracy lower than 0.5 mm at
movement speeds of approximately 600 mm/s. This example measurements
were even taken with a Leica Laser Tracker, which is described more closely
in the next chapter.

As a conclusion, AProDoR can be used for rapid-analyzation of robot move-
ments. Within a processing time of several seconds, presentable documenta-
tion material is created, only with minimum interaction of the user.

This will be the �rst step for a high-speed and objective documentation of
robot accuracy used for the extremely di�cult process of choosing adequate
industrial robots for a given application.
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6 Uncertainty of the measurement system

All used measurements in this thesis were taken with one special 3D-measure-
ment device. This chapter is dealing with the presentation of the technical
features of this system, followed by a theoretical uncertainty calculation.

For expression of the resulted uncertainties, processed by the algorithms and
techniques mentioned in this thesis, the so-called combined uncertainty of the
measurement has to be calculated. This is done on basis of the description
of the International Organization for Standardization (ISO) [20] and on the
guidelines for evaluating and expressing the uncertainty in measurements by
the National Institute of Standards and Technology (NIST) [19].

6.1 The Leica Laser Tracker

Figure 67: Leica Laser Tracker LTD800

During measurements needed for this work, the Leica Laser Tracker LTD800
(�gure 67) was used for capturing all 3D-coordinates. It is one of the most
accurate and �exible mobile laser tracker in the world today [22]. Using
special re�ectors, this tracker is able to take non-contact measurements even
on moving objects.
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Figure 68: Corner Cube Re�ector

The used re�ectors (�gure 68) are centrically mirroring the laser beam of the
tracker independent to its input angle. Using this, the laser tracker recog-
nizes, if the re�ectors position is changed and compensates by adapting the
output beam angle on the measurement system.

The measurement system consists of the sensor itself and an additional PC-
based sensor controller. The sensor controller is responsible for data process-
ing and communication with external peripherals like a connected user PC
for measurement.

Including to the measurement systems there is a programming interface pro-
vided, for automation of the measurement process. Using this interface, all
software and hardware functions can be executed remotely.

A very important feature of the LTD800 concerning accuracy measurements
for industrial robots, is given by its external trigger interface. Over a common
RS232 interface, it is possible to used external TTL-based trigger signals for
starting and �nishing measurements. By this ability, it is possible to synchro-
nize the measurement clock of the laser tracker to every given cycle clock,
which is adapted to the trigger interface.
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6.1.1 Measurement uncertainty

The combined measurement uncertainty uc of the Leica Laser Tracker can
be calculated for two di�erent cases, depending on the focused measurement
space. In case of using a cylindrical measurement shape, the combined un-
certainty is expressed in relation to the used measurement radius and the
corresponding height in cylindrical coordinates (see �gure 69 left side).
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r (m) h (m) Uc (m m)

2 2 ± 0.055
5 5 ± 0.085

10 10 ± 0.156
20 20 ± 0.297

x (m) y (m) z (m) Uc (m m)

1 1 1 ± 0.051
1 2 1 ± 0.053
2 2 2 ± 0.067
3 3 3 ± 0.083
3 6 3 ± 0.092
3 10 3 ± 0.110

Combined measurement uncertainty for length according to ISO
“Guide to the Expression of Uncertainty in Measurements” and NIST
Technical Note 1297

Headquarter   Leica Geosystems AG, Mönchmattweg 5, CH-5035 Unterentfelden, Switzerland, Phone +41 62 737 67 67, Fax +41 62 723 07 34, www.leica-geosystems.com/metrology
Regional Contacts   The Americas, Phone +1 800 367 9453  Canada, Phone +1 416 497 2460  China, Phone +85 225 642 299  Germany, Phone +49 89 149810 0
France, Phone +33 1 30 09 17 00  India, Phone +91 124 5122222  Italy, Phone +39 0371 6973-1  Japan, Phone +81 3 5940 3050  Korea, Phone +82 2 598 1919
Spain, Phone +34 93 494 9440   United Kingdom, Phone +44 190 825 6500  Scandinavia, Phone +46 31 340 99 55  Singapore, Phone +65 776 9309
Dealers and Distributors   Phone +41 62 737 67 67

Specifications                        (All accuracy specifications are 2 Sigma values!)

LT800 LTD800
Compatibility
T-CA M700 for dynam ic 6DOF tracking No No
T-CA M800 for dynam ic 6DOF tracking Yes, after ADM upgrade Yes
T-Probe for w ireless probing Yes, after ADM upgrade Yes
T-Scan for hand held scanning Yes, after ADM upgrade Yes

Tracking
Maximal target speed 
· At right angles of the laser beam > 4 m/s
· In the direction of laser beam > 6 m/s

Max acceleration 
· At right angles of the laser beam > 2 g
· In the direction of laser beam Unlim ited

Measurement volume
· Horizontal ± 235°
· Vertical ± 45°
· Measurement range 0 – 40 m

Measuring rate
· Measurement rate 3’000 points/sec
· Measurement rate output 1’000 points/sec

Laser Interferometer
Principle of operation single beam

heterodyne interferometer
Safety class 21 CFR: Safety class II

IEC / EN : class 2

Maximal output power < 0.3 m W/CW

Wave length 633 nm (visible)

Beam diameter ! 4.5 m m

Beam divergence no divergence (collimated)

Distance resolution 1.26 m icron

Reproducibility of a coordinate ± 5 m icron/m

Absolute accuracy
· Wave length stabilization ± 0.5 m icron/m
· Initial distance w ith bird bath ± 10 m icron

Angular Measurements
Angular resolution 0.14 arc sec

Repeatability
· Near (0 – 2.5 m) ± 12 m icron
· Far (2.5 m to max distance) ± 5 m icron/m

Absolute accuracy 
· For non moving target (0 – 2.5 m) ± 25 m icron
· For non moving target (2.5 to max) ± 10 m icron/m
· For slow moving target ± 20 m icron/m
· For fast moving target ± 40 m icron/m

Absolute Distance Meter for Automation
Principle of operation Light polarization

modulation

Resolution 1 m icron

Accuracy ± 25 m icron

Measurement range 1.5 – 40 m

Safety class 21 CFR: class I
IEC/EN class 1

Maximum output power < 0.5 m W/2 sec

Wave length 780 nm
(infrared)

Beam diameter ! 9 m m

Beam divergence no divergence
(collimated)

Ambient Conditions
Working temperature (three ranges) +0° to +40° C

+32° to +104° F

Storage Temperature -10° to +60°
+14° to +140° F

Relative hum idity 10 – 90%, (non condensing)

Elevation for operation (air pressure) 0 – 5’000 m
0 – 16’500 ft

Elevation for storage (air pressure) 0 – 12’000 m
0 – 40’000 ft

Dimensions and Weight – Sensor
Dimensions sensor 220 m m x 280 m m x 875 m m

8.7” x 11” x 31.5”

Transit axis height 815 m m (32.1’’)

Weight 32.6 kg 34.1 kg
71.9 lb 75.2 lb

Dimensions and Weight – Controller
Dimensions  controller 510 m m x 485 m m x 200 m m

20.0” x 19.1” x 7.9”

Weight controller 17.0 kg (37.5 lb)

Marks of com form ity CB-certified by SEV, ,

LT(D)800 is manufactured under the following US patents: Nr. 4714339 and Nr. 5530549.
Other US and international patents pending.

U
pg

ra
de

ab
le

73
19

82
   

– 
  I

II.
20

03
   

   
   

 D
es

cr
ip

tio
ns

 a
nd

 te
ch

ni
ca

l d
at

a 
ar

e 
no

t b
in

di
ng

 a
nd

 m
ay

 b
e 

ch
an

ge
d 

w
ith

ou
t n

ot
ic

e.

z/2

h

h/2

z

x y/2

z/2

1.5 m

y

Making Metrology Mobile

tracker on the market. Add
to this the LTD800’s com-
patibility w ith an upcom ing
series of accessories
enabling 6DOF tracking;
arm less, w ireless probing;
and handheld, non-contact
3D-scanning, and you can
go beyond tracking tasks
towards a complete PCM M
solution, giving you a w ider
perspective – in all dimen-
sions.

New Standards – 
More Applications

The Leica Laser Tracker
LTD800 sets new standards
in portable coordinate mea-
surement. Based on proven
technology used by opera-
tors in every major indus-
try, we once again set new
standards by introducing
the LTD800, which w ill give
you more features and
advantages than any other

Featuring...

· View finder for remote 
and automatic measurements

· Highly accurate and user-friendly 
leveling device

· Measurement range 0 – 40 m

· Fastest measurement cycle in the 
world: 3’000 pts per second

· Reliable automatic beam capture 
w ith absolute distance meter (ADM)

· 50% more accurate ADM

· Extended specifications for 
environmental conditions

· Laser Tracker browser control

· Completely open and program mable
client/server interface

· Proven track record w ith over 1’000 
Leica Tracker in the market

· Compatible w ith the upcom ing 
A ll-in-One Solution

· Full automation features

The Leica LTD800 sets new standards, giving you more features 
and advantages than any other tracker on the market.

Choose more functionalities...
Choose Leica

Giving you...

· Safer, more convenient and faster 
measurement processes

· Fast and precise measurement 
leveling

· Largest measurement volume ever

· Highest point density even when 
measuring fast moving objects 

· Faster measurement processes

· Highest precision for your 
measuring processes

· Use of the Leica Tracker under 
practically all conditions

· Intranet enabled tracker operations 
enabling 100% digital and remote 
processes 

· Seam less integration w ith your 
standard software or w ith 
automated processes

· Highest reliability on the market

· One large-volume PCM M enabling
tracking; arm less, w ireless probing; 
and handheld, non-contact scanning 

· Completely automated inspection 
processes

r (m) h (m) Uc (m m)

2 2 ± 0.055
5 5 ± 0.085

10 10 ± 0.156
20 20 ± 0.297

x (m) y (m) z (m) Uc (m m)

1 1 1 ± 0.051
1 2 1 ± 0.053
2 2 2 ± 0.067
3 3 3 ± 0.083
3 6 3 ± 0.092
3 10 3 ± 0.110

Combined measurement uncertainty for length according to ISO
“Guide to the Expression of Uncertainty in Measurements” and NIST
Technical Note 1297

Headquarter   Leica Geosystems AG, Mönchmattweg 5, CH-5035 Unterentfelden, Switzerland, Phone +41 62 737 67 67, Fax +41 62 723 07 34, www.leica-geosystems.com/metrology
Regional Contacts   The Americas, Phone +1 800 367 9453  Canada, Phone +1 416 497 2460  China, Phone +85 225 642 299  Germany, Phone +49 89 149810 0
France, Phone +33 1 30 09 17 00  India, Phone +91 124 5122222  Italy, Phone +39 0371 6973-1  Japan, Phone +81 3 5940 3050  Korea, Phone +82 2 598 1919
Spain, Phone +34 93 494 9440   United Kingdom, Phone +44 190 825 6500  Scandinavia, Phone +46 31 340 99 55  Singapore, Phone +65 776 9309
Dealers and Distributors   Phone +41 62 737 67 67

Specifications                        (All accuracy specifications are 2 Sigma values!)

LT800 LTD800
Compatibility
T-CA M700 for dynam ic 6DOF tracking No No
T-CA M800 for dynam ic 6DOF tracking Yes, after ADM upgrade Yes
T-Probe for w ireless probing Yes, after ADM upgrade Yes
T-Scan for hand held scanning Yes, after ADM upgrade Yes

Tracking
Maximal target speed 
· At right angles of the laser beam > 4 m/s
· In the direction of laser beam > 6 m/s

Max acceleration 
· At right angles of the laser beam > 2 g
· In the direction of laser beam Unlim ited

Measurement volume
· Horizontal ± 235°
· Vertical ± 45°
· Measurement range 0 – 40 m

Measuring rate
· Measurement rate 3’000 points/sec
· Measurement rate output 1’000 points/sec

Laser Interferometer
Principle of operation single beam

heterodyne interferometer
Safety class 21 CFR: Safety class II

IEC / EN : class 2

Maximal output power < 0.3 m W/CW

Wave length 633 nm (visible)

Beam diameter ! 4.5 m m

Beam divergence no divergence (collimated)

Distance resolution 1.26 m icron

Reproducibility of a coordinate ± 5 m icron/m

Absolute accuracy
· Wave length stabilization ± 0.5 m icron/m
· Initial distance w ith bird bath ± 10 m icron

Angular Measurements
Angular resolution 0.14 arc sec

Repeatability
· Near (0 – 2.5 m) ± 12 m icron
· Far (2.5 m to max distance) ± 5 m icron/m

Absolute accuracy 
· For non moving target (0 – 2.5 m) ± 25 m icron
· For non moving target (2.5 to max) ± 10 m icron/m
· For slow moving target ± 20 m icron/m
· For fast moving target ± 40 m icron/m

Absolute Distance Meter for Automation
Principle of operation Light polarization

modulation

Resolution 1 m icron

Accuracy ± 25 m icron

Measurement range 1.5 – 40 m

Safety class 21 CFR: class I
IEC/EN class 1

Maximum output power < 0.5 m W/2 sec

Wave length 780 nm
(infrared)

Beam diameter ! 9 m m

Beam divergence no divergence
(collimated)

Ambient Conditions
Working temperature (three ranges) +0° to +40° C

+32° to +104° F

Storage Temperature -10° to +60°
+14° to +140° F

Relative hum idity 10 – 90%, (non condensing)

Elevation for operation (air pressure) 0 – 5’000 m
0 – 16’500 ft

Elevation for storage (air pressure) 0 – 12’000 m
0 – 40’000 ft

Dimensions and Weight – Sensor
Dimensions sensor 220 m m x 280 m m x 875 m m

8.7” x 11” x 31.5”

Transit axis height 815 m m (32.1’’)

Weight 32.6 kg 34.1 kg
71.9 lb 75.2 lb

Dimensions and Weight – Controller
Dimensions  controller 510 m m x 485 m m x 200 m m

20.0” x 19.1” x 7.9”

Weight controller 17.0 kg (37.5 lb)

Marks of com form ity CB-certified by SEV, ,

LT(D)800 is manufactured under the following US patents: Nr. 4714339 and Nr. 5530549.
Other US and international patents pending.

U
pg

ra
de

ab
le

73
19

82
   

– 
  I

II.
20

03
   

   
   

 D
es

cr
ip

tio
ns

 a
nd

 te
ch

ni
ca

l d
at

a 
ar

e 
no

t b
in

di
ng

 a
nd

 m
ay

 b
e 

ch
an

ge
d 

w
ith

ou
t n

ot
ic

e.

Figure 69: Uncertainty areas of Leica Laser Tracker

A common application case for the laser tracker will be to measure a 3D-
coordinate. Relating to the x, y, z-representation, the corresponding spanned
measurement space will be a rectangular shape. For this, the uncertainty has
to be adapted. Both uncertainties, for cylindrical and rectangular case are
listed in table 6:
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r(m) h(m) Uc(mm)
2 2 ± 0.055
5 5 ± 0.085
10 10 ± 0.156
20 20 ± 0.297

x (m) y (m) z (m) Uc (mm)
1 1 1 ± 0.051
1 2 1 ± 0.053
2 2 2 ± 0.067
3 3 3 ± 0.083
3 6 3 ± 0.092
3 10 3 ± 0.110

Table 6: LTD800 combined uncertainty depending on measurement space
taken from [23]

6.2 Combined uncertainty of laser tracker measurements

As a goal for this part of the thesis, is to �nd out the exactness of the
measurements taken by the Leica Laser Tracker. Like every measurement
system, even this tracker is a�icted with a dedicated uncertainty. First
explaining the term uncertainty itself, the combined spatial uncertainty of a
spatial measurement on a �xed ball bar is calculated.

6.2.1 Uncertainty in general

Taking 3-dimensional measurements using any measurement system, is al-
ways combined with estimation of tolerances. Every realized system for get-
ting coordinates in a limited measurement range will also have a limited
accuracy for creating the output results.

Finite resolution of angle encoders for example, or limited accuracy in dis-
tance measurement are causing a bunch of insecurities to the �nal resulting
coordinate of the measurement. These insecurities are commonly called un-
certainties.

A complex measurement system is consisting of multiple parts and subsys-
tems, each one responsible for a dedicated task in �nding the �nal measure-
ment result. Every of this subparts of the measurement device will have got
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its own �nite accuracy, geometry or even time-invariant behavior. Resulting,
every subpart is causing its own structured in�uence to the �nal measure-
ment uncertainty.

Combining everything, it can be a�rmed, that a single measurement result
Y - following de�ned as measurand - is a function consisting of N di�erent
in�uences Xi, called quantities:

Y = f(X1, X2, . . . , XN) (114)

Now based on equation 114, it is important to focus on the fact, that a
measurand is never a �xed value, but only an approximation of the real re-
sult addicted to the concatenation of the single uncertainties of the system
components.
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The structure of the quantities can be di�erent and is also depending on the
way of their use. Basically, all quantities can be roughly divided into two
groups:

• Random e�ects

• Systematic e�ects

Systematic e�ects, are all quantities, which can be associated with a known
and possible to model behavior in the system. These quantities are integrated
in every measurement and can be reduced by an error compensation. Quan-
tities based on random e�ects are nearly impossible to model and therefore
in most cases not easy to compensate.

Each single component Xi in equation 114 has got an own standard uncer-
tainty [21], expressed by ui. To get the combined uncertainty of the system,
all these uncertainties have to be composed together to build the combined
standard uncertainty uc. This composion is based on the law of propagation
of uncertainties (see subchapter 6.2.2).

The combined standard uncertainty [19], [20] is commonly used in giving
reporting results. In that case, the estimated measurement value and its cor-
responding uncertainty together are forming the measurement result. With
a con�dence of 68% is the measurand - so the result of the measurement -
inside the interval de�ned by estimation and uncertainty:

Y = y ± uc(y) (115)
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6.2.2 Law of propagation

With a given measurand Y , de�ned by a function f which contains all sig-
ni�cantly in�uencing quantities included in the system follows:

Y = f(X1, X2, . . . , XN) (116)

This measurand is approximated by an estimated measurand, which is again
in�uenced by an amount of - this time - estimated quantities:

y = f(x1, x2, . . . , xN) (117)

To calculate the combined standard uncertainty composed from all given
standard uncertainties of the estimated quantites, the law of propagation
has to be applied:

U2
c (y) =

N∑

i=1

(
∂f

∂xi

)2

u2(xi) + 2
∑

i>j

Rij

(
∂f

∂xi

)(
∂f

∂xj

)
u(xi)u(xj) (118)

The correlation coe�ent Rij is assumed to zero, if i and j are not correlated.

6.2.3 Input quantities

For the scale bar measurement using a laser tracker, four di�erent measure-
ments can be focused out. These are causing in four di�erent input estimates
into the system, more exactly into equation 114. The combination of this
four di�erent input quantities results the combined standard uncertainty of
the spatial distance measurement.
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A basic property of the input estimates is the fact, if they are correlated of in-
dependent quantities. The following estimates are inputs of the measurement
uncertainty calculation:

• Angular measurement
The uncertainty of angular measurements is depending on the current
angle value of the encoder. For this, the in�uence on the accuracy in
measuring the current angle is di�ering with each measured position.
Resulting the angular measurement uncertainty is an independent input
estimate.

• Interferometric scale
The interferometric scale of the distance measurement is depending on
the current temperature, air pressure and wavelength conditions. It is
assumed, that these parameters are constant during measurement and
that the user is not changing the integrated compensation parameters
of the system. For this case, the interferometric scale will be input
estimate correlated with this values for long time observations.

• Bird bath distance
The so-called bird bath distance is the calibrated, initial o�set of the
used re�ector. Its is a high accurate mounting, in which the re�ector
has to be put and the measurement system has to be locked on before
measurement. The theoretical o�set, which is used in the laser tracker
software, is even an approximation to its real value and addicted to an
uncertainty.

This uncertainty represents two di�erent input estimates, depending
on the way, the measurements are done. In the case of not breaking
the laser beam after measurement of one point, the bird bath distance
can be assumed as a correlated input estimate. In other case, if the
laser beam is broken during measurement, the uncertainty of the set
bird bath distance is di�erent for each measurement and therefore and
independent input estimate.
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6.2.4 Spatial measurements

With a geometric mounting like shown in �gure 70, two single 3-dimensional
points P1 and P2 on a scale bar were measured in space. The shape on the

P1 P2

α1

α2

β γ

d1
d2

l1 l2

h

L

Figure 70: Spatial measurement of two independent points

lower end of the depicted triangle represents the laser tracker. This has got
an vertical angle α1 for the measurement of P1 and an vertical angle α2 for
the measurement of P2.
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6.2.5 Combined standard uncertainty of the used scale bar

The combined uncertainty of the used scale bar is composed out of �ve dif-
ferent input quantities. Estimates of the uncertainty can be expressed as:

y = L(α1, α2,m, d01, d02) (119)

with

• α1 : Angular measurement in P1

• α2 : Angular measurement in P2

• m : Interferometric scale

• d01 : Birdbath distance P1

• d02 : Birdbath distance P2

To describe the length of the scale bar, referring to �gure 70, the emerged tri-
angle can be split into two rectangular triangles with adjacent use of trigono-
metric functions:

L = {(d01 +m · d1) sinα1 + (d02 +m · d2) sinα2} (120)

As a simpli�cation for the following derivations, the initial distances d01

and d02 are set to zero, based on their small value compared to the point
distances. Also, the interferometric scale is assumed as 1, while the small
deviations from this value can be neglected.

d01, d02 << d1, d2 m ≈ 1 (121)

According to equation 118, the partial derivation of each input quantity has
to be constructed. Starting with the partial derivates for the measurement
angles follows:

∂L

∂α1

=
∂

∂α1

{(0 + 1 · d1) sinα1 + (0 + 1 · d2) sinα2} = h (122)
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In the same way, the partial derivate of L to m can be calculated:

∂L

∂m
= d1 sinα1 + d2 sinα2 = l1 + l2 = L (123)

More complex is the calculation of the partial derivates for the quantities
d01 and d02. Here, a case di�erentiation is necessary, to distinguish between
a broken or non-broken beam during measurement.

Case 1 : No beam break during measurement,
d01 and d02 correlated (Substitution: d01 = d02 → d0):

∂L

∂d0

= sinα1 + sinα2 =
l1
d1

+
l2
d2

(124)

Case 2 : Beam break during measurement,
d01 and d02 independent (d01 6= d02) :

∂L

∂d01

= sinα1 =
l1
d01

(125)

∂L

∂d02

= sinα2 =
l2
d02

(126)



6 UNCERTAINTY OF THE MEASUREMENT SYSTEM 134

6.2.6 Combined variance of angle measurement

The quantities d01, d02 and m are directly related to the measurement system
components. For this reason, the corresponding variances uc(d01), uc(d02) and
uc(m) are given and constant.

Di�erent to this, the combined variances uc(α1) and uc(α2) are depending
on the angle value and changing for each measurement. The variance for
horizontal angle measurements uc(H) is perpendicular to the variance for
vertical angle measurements uc(V ). Resulting a concentration ellipse can be
spanned:

ε

u(α)

u(H)

u(V)

Figure 71: Error ellipsis of horizontal and vertical measurement

The error ellipsis, shown in �gure 71 is constructed on the bivariate dis-
tribution of the measurand, caused by the two uncertainties u(V ) and u(H).
The measured values are represented in a χ2-distribution.

The corresponding ellipsis equation can be used to express the structure:

r2 = (a cos ε)2 + (b sin ε)2 (127)

⇒ u(α)2 = (u(H) cos ε)2 + (u(V ) sin ε)2 (128)
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Corresponding to that, the combined variances u2
c for the two independent

angle measurements can be calulated by:

u2
c(α1) = cos2 ε · u2(H1) + sin2 ε · u2(V1) (129)

and
u2
c(α2) = cos2 ε · u2(H2) + sin2 ε · u2(V2) (130)

6.2.7 Lateral error in�uence

The lateral error component of the measurement system is dependent on the
measured angle (horizontal and vertical) and on the distance of the measured
position to the laser tracker. In this case, the laser tracker has got a separate
speci�cation for near range lateral error:

Elateral_H = cH , Elateral_V = cV (131)

The constants cH and cV are used, if a measurement is situated inside of
the de�ned near range of the tracker.

In normal case, if none of the two measured points is inside the near range,
the lateral error can be expressed as:

Elateral_H = u(H) · d, Elateral_V = u(V ) · d (132)
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near range far range

Elateral = c
Elateral 

d

Elateral = u'(φ) · d

Elateral = u(φ) · d

Figure 72: Substitution graph for far and near range

The �nal combined variance u2
c(αi) for an angle measurement in the near

range now transforms to:

u2
c(αi) = cos2 ε · u′2(Hi) + sin2 ε · u′2(Vi) (133)
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6.2.8 Combined uncertainty for spatial distance

Putting everything together, the resulting variance of the spatial measure-
ment in case of no beam break during measurement, is constructed by:

u2
c(L) = h2 ·u2

c(α1)+h2 ·u2
c(α2)+

(
l1
d1

)2

+

(
l2
d2

)2

·u2(d0)+L2 ·u2(m) (134)

In assumption of a beam break, the two uncertainty components u(d01) and
u(d02) can be combined to u(d0):

u2
c(L) = h2·u2

c(α1)+h2·u2
c(α2)+



(
l1
d1

)2

+

(
l2
d2

)2

·u2(d0)+L2·u2(m) (135)

Transforming from variance to combined uncertainty uc(L) for spatial dis-
tance delivers:

uc(L) =
√
u2
c(L) (136)
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7 Coordinate frames and error in�uences

Today robot application cells are equipped with a high degree of automation.
In many high accuracy applications, there are besides of the industrial robots
many other systems for improving and support. The robots themselves are
put on linear tracks for extension of their workspace.

Additionally object recognizing systems, based on certain 1D, 2D- or 3D-
sensors, are implemented to adapt the robot movements to always changing
work object positions. Online motion controlling systems, developed to guide
the robot along de�ned movement paths, can be attached to the robots tool.

All these systems have got one basic fact in common: integration. To use
a system, which is working to guide, control or support the used robots by
means of 3D or 6D coordinates, it has to be integrated in the transformation
chains of the application.

{Rob1}

{Rob2}

{Obj}

{Cam2}{Cam1}

{Cam3}{Cam4}

Figure 73: Standard robot application cell
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To explain the transformation chain, which was focussed in this thesis, �g-
ure 73 depicts a standard robot application cell. It consists of two di�erent
robots (rob 1 and rob 2), a work object and a 6D vision system (cam 1-4)
for object position measurement.

Every component of the application cell has got an own coordinate system,
named in the curly braces and denoted by the perpendicular arrows. For an
integration of the components, the position and rotation of their coordinate
systems must be known in a pre-de�ned master coordinate system. Figure
74 is showing an example transformation masterTrob from a master coordinate
system to a robot base frame.

master Trob

{master}

{rob}

Figure 74: Transformation from master to robot frame

Mathematically, this transformation can be expressed as a function depend-
ing on six variables, x, y, z for the translation and α, β, γ for the rotation
from master to robot.

masterTrobot = f(x, y, z, α, β, γ) (137)
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For integration of one component of the robot cell, e.g. the robot itself, the
transformation from the master frame to the robots base frame has to be
detected. This can be done, based on measurements of several points, which
are represented in both coordinate systems.

The equation

tracker ~Trob ·robot ~pn −tracker ~pn = 0 (138)

can be solved using an iterative method like Newton-Rhapson to �nd its
roots. Using this method, the iterations on the function

t(x) = f(xn) + f ′(xn)(x− xn) (139)

are stopped if the inaccuracy ε ≥ |xn − xn+1|.

A basic problem, which is discussed in this subchapter, is the robot accuracy
in�uence on the exactness of transformation calculation. As shown in chap-
ter 3.2, the limited static positional accuracy of the robot is resulting in a
positional de�ection of its TCP. Furthermore, the saved position coordinates
in the robot control are not equal to the real tool positions. The robot is
always a�icted with an uncertainty U(pn) on every coordinate:

robot~pn =robot ~p′n + u(pn) (140)

where the real robot TCP position pn is consisting of the programmed posi-
tion p′n and the uncertainty u(pn), depending on the single TCP position.
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7.1 E�ect of point accuracy on robot base coordinate

system

As explained before, the appropriate coordinate transformation from the
measurement device to the robot base frame, is calculated using two dif-
ferent point sets. The used set of measured point positions generated from
the measurement device can be used as �xed values based on the high accu-
racy of the laser tracker (see subchapter 10).

The other point set, used by the robot for its TCP-positions, is a�ected
with the error components in�uencing the robots positional accuracy (see
subchapter 3.5.2). Using error-a�ected points for the non-linear least-square-
�tting for the transformation calculation, causes a special residual deviation
for each coordinate value (�gure 75 to 77).
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Figure 75: Residual components using a robot with 0,5 mm accuracy

Depending on the point accuracy of the robots TCP position, the residual
component of every point is changing due to the non-perfect matching of the
two di�ering point sets. Figures 75 to 77 are showing the residual compo-
nents for three di�erent robot accuracies. As can be seen in the �gures, the
residuals are increasing with the decreasing of the robots positional accuracy.
Even depending on this is the quality of the position and orientation of the
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Figure 76: Residual components using a robot with 1 mm accuracy
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Figure 77: Residual components using a robot with 2 mm accuracy
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determined robot coordinate system.

More crucial for the integration of the robots into the application by iden-
ti�cation of the robot base frame, is the frame error itself. Not only the
single point in the sets are transformed with a certain inaccuracy, even the
identi�ed base frame is a�icted with an error, depending on the exactness
of the used points in the least-squares-�tting.

The resulting base frame inaccuracy is re�ected by a 6-dimensional devi-
ation after �tting. Corresponding to the �gures 75 to 77, the deviation of
the identi�ed base frame is as following:

Point Accuracy ∆X[mm] ∆Y[mm] ∆Z[mm] ∆α[◦] ∆β[◦] ∆γ[◦]

±0.5 mm 0.07 -0.13 -0.15 359.99 0 0.01
±1 mm -0.03 0.15 -0.47 0.02 0.02 0.01
±2 mm -0.68 -0.23 2 360 359.98 359.94

Table 7: Base frame identi�cation deviations

7.2 Linear track in�uence on robot base frame identi�-

cation

As shown before in section 7.1, the position and orientation of the robot base
frame is changing, according to the exactness of the used TCP-positions.
This is resulting in a permanent deviation between mathematical model of
the robot application cell and its real behavior.

An increasing of the robots absolute accuracy will enhance the process of
identi�cation of its base frame. To improve the identi�cation process signif-
icantly, the robots TCP position has to be measured, using a more exactly
method than using its internal sensors.

The identi�ed robot base frame deviations, shown in table 7 are common re-
sults based on the identi�cation of more than 100 di�erent industrial robots
with handling weights between 16 kg and 200 kg.
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Another important fact in the �eld of identi�cation of the robots base frame
are the external in�uences on the robot during the identi�cation process.
The absolute positional accuracy of the robot represents the most crucial
error component in the system, but also the external in�uences are taking a
signi�cant part of the resulting inexactness of the robot base frame. Even
using a highly accurate robot, the external in�uence parts are getting more
important.

Referred to subchapter 4.2, the most important external in�uence of the
robot is the linear track. Its non-linear behavior is causing an additional
deviation part to the robots TCP. The occurring robot twist results in an
incorrectly identi�ed robot base frame. Figure 78 is showing a non-linear
track with a determined real robot base frame and its theoretical position.

theoretical base 
frame

real base frame

non-linear track 
behavior

Figure 78: Base frame shift by linear track



7 COORDINATE FRAMES AND ERROR INFLUENCES 145

7.3 Minimization of external in�uence on robot base

identi�cation

One goal during the identi�cation process of the robots base frame is the
minimization of the external error in�uences. To start with the most crucial
external in�uence, the non-linear behavior of the linear track was analyzed
using the method described in subchapter 4.3.

Referring to subchapter 10, the accuracy of the measurement system is mul-
tiple times better than the identi�ed accuracies in the robot system. With
this the measurement error meas~p∆,n for each measurement position can be
disregarded.

Based on a given real linear track, an identi�cation of the track structure
like presented in subchapter 4.3 is done. Figure 79 is showing a non-linear
track and two of its measured 6D sampling positions, which are represented
by the coordinate systems Tn and TN+1:

TN
TN+1

Current skid position θx

Figure 79: Point correction after track analysis

To enable a non-linear compensation of the robot skid positions on the track,
a correction value for each possible skid position on the track has to be found.
For this, a 6D correction transformation Tcorr,θx for each skid position θx has
to be applied during robot base frame identi�cation measurement.

Following, a complete solution for TCP correction, divided into 4 di�erent
steps (see �gure 80) is presented.
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Track
Analyzation Modeling Transformation

calculation
TCP

correction

Figure 80: Solutions steps for TCP correction

7.3.1 Solution step 1 - Track analyzation

Referring to subchapter 4.3 the linear track is measured in equidistant sam-
pling positions. Each sampling position re�ects the 6-dimensional orientation
of the linear track and is linked to a determined skid position θn. In each
sampling position a coordinate system is calculated, to facilitate the 6D-
representation. The resulting frame set is further used as a description data
set for modeling the linear track deformation.

7.3.2 Solution step 2 - Linear track modeling

As the basis for modeling, a set Si(x) of cubic spline functions is used to
represent the geometrical structure of the linear track. In subchapter 4.6.4
the single spline functions were de�ned in equation 70.

The sub-spline S(θ) in an intervall I between two consecutive measured sam-
pling positions θn and θn+1 is represented by:

S(θ) = an + bn(θ − θn) + ci(θ − θn)2 + di(θ − θn)3, I = [θn; θn+1] (141)

Following, the needed coe�cients an to dn can be calculated, using the rules
for construction of cubic spline functions:

an = tx(θn) (142)

hn = θn+1 − θn (143)

As marginal condition, the bending factors of the start and the end part
of the spline function values are set to zero (d represents the distance o�set
from the last sampling position θN to the end of the linear track):
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S ′′0 (0) = S ′′n(θN + d) ⇒ c0 = cN = 0 (144)

The recursive calculation of the cn-coe�cients is the main part in the calcu-
lation process of the spline function set. The following equation is valid for
all cn with 2 ≤ n ≤ N − 2 [14]:

hn−1cn−1 +2(hn−1 +hn)cn+hncn+1 = 3
tx(θn+1)− tx(θn)

hn
−3

tx(θn)− tx(θn−1)

hn
(145)

Based on this, the corresponding remaining parameter bn and dn can be
calculated by:

bn =
tx(θn+1)− tx(θn)

hn
− hn

3
(cn+1 + 2cn) (146)

dn =
1

3hn
(cn+1 − cn) (147)

The needed calculation of an arbitrary correction transformation based on
the interpolating spline functions is based on the complete set of splines. This
step can easily be done during analyzation process of the track with creation
of a basic value table of the spline parameters. The calculated spline function
set in this section is only one of six used spline function sets for a complete
6D-interpolation and modeling of the linear track geometry.
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7.3.3 Solution step 3 - Calculation of ~Tcorr,θx

The result of the solution step 2 is created by the calculation of 6 sets of
cubic spline functions. Each set of spline functions is responsible for the ge-
ometrical representation of one coordinate x, y, z, α, β, γ:

Si,n(θx) = an + bn(θx − θn) + cn(θx − θn)2 + dn(θx − θn)3 (148)

Corresponding to this equation set, the calculation of a correction transfor-
mation at any skid position on the linear track can be determined by �ling in
the variable skid position θx into each of the 6 equation sets. The correction
frame Tcorr itself represents a set of o�set values for each coordinate of the
current skid position:

Tcorr(θx) = f(∆tx(θx),∆ty(θx),∆tz(θx),∆α(θx),∆β(θx),∆γ(θx) (149)

7.3.4 Solution step 4 - Correction of current TCP position before
measurement

{Rob, ideal}

{Rob, real}

{TCP, ideal}

{TCP, real}Tcorr(θx)

0

θx

Figure 81: Correction frame for skid position θx

Figure 81 is showing the e�ect of the correction transformation on the robots
tool center point (TCP), depending on one �xed skid position θx on the track.
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The �nal implementation of the correction frame Tcorr(θx) into the robot ap-
plication can be done by modi�cation of the current robot work object frame.
With a given transformation from the robots ideal position to the object
rob,idealTobject, the corrected robot to object transformation rob,realTobject can
be calculated by:

rob,realTobject =rob,real Trob,ideal ·rob,ideal Tobject = Tcorr ·rob,ideal Tobject (150)

Additionally, the ideal position of the robot is depending of the current linear
track o�set to the zero position of the robots base frame, thus:

rob,realTobject = Tcorr(θx) · TRobBase · Ttrans(θx) (151)

The application of the correction transformation for each of the 6D-coordi-
nates in an arbitrary �x position of the robot skid on the track, causes an
adaption to the theoretical model of the application cell and with that, a
decreasing of the identi�cation residuals.
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7.3.5 Results

As an example for the e�ect of linear track error compensation on the iden-
ti�ed robot base frame, a common industrial robot was measured two times.
The robot is a high-accurate robot, used on a signi�cantly deformed linear
track. The reference points for the identi�cation are used as repeated robot
values, to avoid the static accuracy in�uence on the measurements. The
point residuals for every coordinate and their absolute values are shown in
table 8 for both cases, before and after using the linear track correction.

without track correction
Position ∆X[mm] ∆Y[mm] ∆Z[mm] rms [mm]
Point 1 1.772 -1.084 -0.468 2.130
Point 2 -1.091 0.562 0.842 1.489
Point 3 0.834 1.074 0.393 1.415
Point 4 -0.791 -0.571 -1.035 1.422
Point 5 -0.870 -0.910 -0.120 1.265
Point 6 -0.019 1.560 -0.466 1.629
Point 7 0.165 -0.631 0.854 1.075

with track correction
Position ∆X[mm] ∆Y[mm] ∆Z[mm] rms [mm]
Point 1 0.158 -0.058 -0.166 0.237
Point 2 0.100 -0.189 -0.263 0.339
Point 3 -0.361 -0.170 0.044 0.401
Point 4 0.062 0.429 0.030 0.434
Point 5 -0.220 0.097 0.352 0.426
Point 6 0.095 -0.260 -0.002 0.277
Point 7 0.166 0.151 0.006 0.224

Table 8: Residuals during frame identi�cation

The resulting root mean square deviation of the used seven positions is also
depicted in �gure 82. The �nal accuracy of the measured points, based on
the smaller residual values, was improved up to the repeatability accuracy of
the robot.
The e�ect on the identi�ed robot base frame is clearly identi�able. As pre-
sented in table 9, the x-coordinate position has a change of nearly 7 mm.
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X[mm] Y[mm] Z[mm] α[◦] β[◦] γ[◦]
Rob Base before -750.002 1076.470 -1318.637 358.194 0.799 270.43
Rob Base after -757.183 1077.449 -1316.749 358.299 1.004 270.753

Table 9: Identi�ed robot base frame before and after track compensation

with correc*on 

without correc*on 

0,0 

0,5 

1,0 

1,5 

2,0 

2,5 

1 
2 

3 
4 

5 
6 

7 

m
m
 

Points 

Point devia*ons with / without correc*on 

Figure 82: Point deviations after Least-Squares �tting for robot base frame
identi�cation

In modern application, the positions of the robots base frames in an ap-
plication cell are very important for the o�ine-to-online converting process
of the robot programs. If the base frames are identi�ed with a positional
de�ection included, this error is also integrated into every programmed TCP
position. For that, the �nal accuracy of the prepared robot programs is di-
rectly depending on the exactness in the identi�cation process of the robot
base frame.
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8 Copying and mirroring of robot programs

The o�ine programming of robot application cells in modern industry is
focussing on the multiple advantages of CAD simulation. One of this advan-
tages is the development of complex robot movement programs. The process
of program construction can be applied during mounting and setup of the
application cell.

Nowadays, application cells in automotive industry are structured in more
cases in a symmetrical sense, based on the symmetrical geometry of the work-
pieces they are working on. Robot tasks applied on one side of the workpiece
can be adapted to the other side of workpiece by mirroring the movement
paths (�gure 83).

To increase the working output, multiple robot application cells with same
tasks can be put together to a parallel working unit. Each working cell is
structured equally and is equipped with the same robots. A robot program,
created in one cell can be copied to another cell, to save the e�ort for re-
creation of the movement trajectories.

2.3. SPIEGELUNG EINES ROBOTERPROGRAMMS 17

Abbildung 2.4: Spiegelung im Workobjekt

in Roboterbasis, von der Verdrehung der Basiskoordinatensysteme zueinander. Zusammen-
gefasst bedeutet es, dass man zwar im Roboterbefehl enthaltene Position und Ausrichtung
in Workobjekt spiegelt, jedoch die Achsstellung in Roboterbasis.

2.3.3 Spiegelung im Workobjekt mit externer Achse

Abbildung 2.5: Spiegelung im Workobjekt mit externer Achse

Im Falle, dass beim Spiegeln im Workobjekt zusätzlich noch eine externe Achse berück-
sichtigt werden muss, erweitert sich das Aufgabenfeld vom vorhergehenden Fall um die
Aufgabe der Spiegelung von Positionen auf der externen Achse. Wie bereits angemerkt,

Figure 83: Symmetrical workpieces enable program mirroring
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The enormous reduction of time and e�ort for setting up all needed robot
programs is increasing the importance of copying and mirroring. In theoret-
ical sense, focussed only to the robot and based on perfect conditions, these
actions are easy to apply. Considering practical in�uences on the robot,
caused by its own inaccuracy or the non-linearity of the track, it gets more
complicated.

The problems and tasks during the mirroring and copying process of robot
programs, especially caused by the linear track is focussed in this chapter.
A solution for copying and mirroring robot programs including their track
pro�le is presented below as one of the contributions of this thesis.

8.1 Problems and tasks

Symmetry

The process of copying and mirroring of robot programs is depending on mul-
tiple prerequisites. The most important is the symmetry of the application
cell. Realizing a robot work�ow on one side of a workpiece and transforming
it to the other side of the workpiece implicates, that the robot program can
be moved, using the same robot movements only mirrored.

More important for the copying process, is the need for equally constructed
robot cells. If the di�erent robot cells for which the copying of robot pro-
grams is adapted, are designed equally, a re-use of the robot programs created
in one cell can be ful�lled much easier in a di�erent cell.

Included into this, the robots should be from the same type and model and
mounted against each other. Figure 84 is showing such an example realiza-
tion. To simplify the mirroring process, the robots base frames should be
orientated to have two axes of their coordinate system parallel to the mir-
ror plane. The robots in �gure 84 are meeting these prerequisites and their
programs are mirrorable.
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Figure 84: Symmetrically mounted robots in three di�erent views

Tool con�guration

Several experiments concerning the ability of mirroring modern programs
for industrial robots adduced the fact, that even if all needed symmetry as-
pects of the application cell are considered, in some cases the robot programs
are not mirrorable. This is depending on the possible con�guration of the
robots tool.

Referred to [24] the used robot tool has to ful�ll several geometrical restric-
tions. Two basic parameters are de�ning the ability to mirror the program:
The used mirror plane and the resulting transformation axis to a right-handed
coordinate system (see [24] for deeper information). Figure 85 is showing
possible transformation axes to get a right-handed coordinate system after
mirroring.

In some cases, the used robot tool is equipped with several TCPs. Analyzed
tool prototypes for sealing guns were using three di�erent spray nozzles for
the sealing process. These were all situated at a di�erent position and - more
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Figure 85: Possibilities for creation of the right-hand coordinate system after
mirroring
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important - at a di�erent angle on the tool. The geometrical constellation of
these three TCPs is taking crucial e�ect on the mirroring process.

Robot accuracy

The accuracy of the robot components, in combination with the accuracy
of its sensors is resulting in a positional accuracy of the TCP (subchapter
3.2). In practical application, every robot has got its own accuracy behavior
with di�erent deviations in the same TCP positions.

This robot own and unique behavior is causing problems during the mirror-
ing of robot programs. Once corrected a program in online mode, this pro-
gram will not work with the same point accuracy on another robot. In most
cases, the resulting TCP point accuracy after mirroring of online-corrected
programs will be even worse than the usage of non-corrected o�ine programs.

One work-around for this problem is to mirror the generated robot programs
in o�ine-programming phase. For easy transformation, the point coordi-
nates are represented in work object frame. Without improving the robot
accuracy to a much higher level, the resulting point accuracy using o�ine
programming will always be a�icted with the robots absolute accuracy.

Linear track

A similar e�ect can be related to the linear track in�uence during mirror-
ing. Referring to chapter 4, the linear track is geometrically deformed. This
deformation is causing in non-linearities of the track course and with this in
inaccuracies of the TCP positions.

The fact, that every linear track is deformed in a di�erent way during the
process of assembling, the generated non-linearities will always be di�erent
with each di�erent linear track. The important di�erence to the robot accu-
racy problem is, that the linear track inaccuracies can be compensated using
the correction model presented in this thesis.

For every analyzed linear track, an unique pro�le has to be processed and
a compensation calculation for every program point has to be applied. All
based on one linear track - for which the robot programs were corrected on-
line one time - which is dealing as the basic system. A di�cult step and a
problem, which will be solved in the following section, is how to adapt a lin-
ear track pro�le on online corrected positions, which are already in�uenced
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by a di�erent track pro�le.

8.2 Transformation calculation

Result of the mirroring process is a modi�ed robot program on a robot B,
which is able to work on an online corrected program optimized for robot A.
As simpli�cation for this process, some prerequisites have to be considered.
For geometrical easyness, the robots should be mountet against to each other
in the same working cell. Also the type and model of the robots should be
the same. This will have important in�uence on the robots accuracy, which is
involved in the calculation process. Common in practical sense and devolved
into the following calculations, the used robot tool is assumed as equal for
both robots.

In general, by mirroring of single point coordinates of a robot program, the
transformation to a 6-dimensional position has to be mirrored from the robot
A to the robot B system. This can be done by using the matrixes sa and sb:

Tm = sa · T · sb (152)

This matrixes are represented as diagonal matrixes with +1 and -1 in the
diagonal axis, depending on the used mirror plane.

s =




±1 0 0 0
0 ±1 0 0
0 0 ±1 0
0 0 0 1


 (153)

Both matrixes sa and sb together are mirroring a coordinate system T to
a coordinate frame Tm. The mirror transformation can be split into two
separate parts, the pure mirroring and the reconstruction to a right-handed
coordinate system.

The �rst is done by matrix sa, which is only pure mirroring the system.
The resulting coordinate system will be of a left-handed structure. To cor-
rect this, the matrix sb is applied and reconstructs to a right-handed system
by �ipping one coordinate axis.
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The basic element for mirroring a robot program is the transformation to
the destination robot TCP in the object coordinate system objTTCP,m. As
an assumption, both used robot tools have the same geometry, thus the tool
transformation for both robots are equal:

flangeTTCP =flange,m TTCP,m (154)

For a better overview, �gure 86 is showing the complete transformation tree
of all considered components in process.

{object}

{base1, ideal}

{base1, real}

{flange1}

{TCP1}

{base2, ideal}

{base2, real}

{flange2}

{TCP2}

m
irr

or
 p

lan
e

objectTbase1,ideal

base1,idealTbase1,real

base1,realTflange1

flange1TTCP1

objectTbase2,ideal

base2,idealTbase2,real

base2,realTflange2

flange2TTCP2

Figure 86: Transformation graph for program mirroring
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The searched transformation from object to the mirrored TCP can now be
expressed as:

objTtcp,m = objTtcp ·tcp Ttcp,s (155)

= sa ·obj Ttcp · sb (156)

Where sa is depending on the applied mirror plane and sb after mirroring for
reconstruction to a right-handed system. Including the non-linearity of the
track into the system of transformations, the calculation of objTtcp,m changes:

objTtcp,m = (157)

= sa ·obj Tbase1,ideal ·base1,ideal Tbase1,real ·base1 Tflange ·flange Ttcp · sb(158)

objTbase2,ideal ·base2,ideal Tbase2,real ·base2 Tflange,m ·flange,m Ttcp,m (159)

The following table 10 is showing the applied coordinate transformations
and their corresponding accuracy in�uence to the main transformation from
object to TCP.

Mirroring a robot program from one robot to another, implies in many cases
same robot models and type on both sides. Based on even equally con�gured
robot controls, the resulting positional accuracies of the robots will nearly be
the same. With this, all transformations which are in�uenced by the robots
will have an equal inaccuracy behavior.

Under usage of the same tools on both robots, additional the tool trans-
formation flangeTtcp from the robots �ange to its TCP will be the same for
both robots. Di�ering to that, the correction transformation base,idealTbase,real
for the linear track in�uence will di�er signi�cantly between the used robots.
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objTbase,ideal : Including identi�cation error (subchapter
3.5.1), mainly in�uenced by robot absolute
accuracy

base,idealTbase,real : Compensation of linear track error in�u-
ence. Depending on non-linear behavior of
the track

baseTflange : Robots forward-transformation including ab-
solute accuracy

flangeTtcp : Tool transformation, accuracy depending on
identi�cation method for tool data

Table 10: Used transformation in �gure 86 and their error in�uence

Even using a same linear track type on both sides, the non-linearities of
the two di�erent tracks will be totally di�erent. During construction process,
these non-linearities are a�ected by insu�cient measurement and non-perfect
positioning of the track rails.

8.3 Transformation of track pro�le

In case of mirroring a programmed TCP position Px,y,z to another robot
without taking consideration to the di�erent track pro�les, the �nal TCP
position on the mirrored side will not be reached correctly (see �gure 87).

The programmed position Px,y,z will include the track correction WO(l),
which will not be the same correction for the mirrored side.

To solve the problem of di�erent linear track pro�les on each side of the
application and therefore di�erent correction values for the robots in each
skid position on the track, �rst the tracks have to be analyzed (subchapter
4.3). After that, the geometrical structures of the linear tracks can be de-
scribed like presented in subchapter 4.6.

Each linear track has then to be corrected based on non-corrected data.
But, in normal case, one side of the application is already optimized online
and manually corrected in every point. It is then not possible to apply the
linear track correction like in subchapter 4.7.
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Figure 87: Linear track pro�le transversion
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To apply the linear track correction properly after mirroring, the program val-
ues have to be calculated to a perfect track pro�le without any non-linearities.
By this, the correction values - applied before mirroring - are compensated
and a new track compensation for the other side can be applied. Referring
to �gure 87, the correction value Tdef is calculated by:

Tcorr = {WO1}−1 ·WO2(l) · Toffline (160)

and with replacing of Toffline:

Tcorr = {WO1}−1 ·WO2(l) · {WO1}−1 ·WO(0) · Toffline (161)

The used transformations WO1(l) and WO2(l) are representing the track
position depending correction value, with a zero position in WO(0) and a
programed TCP position Toffline.

Using the method of recalculation of an already online-corrected robot pro-
gram, is becomes now possible to mirror this programs to another robot with
an additional application of the track correction. This o�ers a much better
accuracy behavior of the robot programs by reducing the error component
in base,idealTbase,real.

This new method, approached during this work is an increasing of the needed
�exibility in the process of robot program construction. Its time and work
saving feature helps to decrease the setup cost for robot application cells in
modern car industry.
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9 Contributions

The set main goal of this thesis, the optimization of robot programs, which
were created using o�ine CAD-systems is reached, based on �ve di�erent
�elds. Figure 88 is showing this di�erent contribution �elds and their corre-
sponding importance in this thesis. The �elds are linked to each other and
are all taking in�uence to the resulting robot application accuracy.

Program
mirror

optimization

Offline track 
compensation

Automated 
accuracy

analyzation

Linear Track 
modeling

Accurate
robot 

integration

Figure 88: Contribution �elds and importance

Each of this contributions �elds is taking consideration of important steps
during the setup of the application. In this thesis, they are composed to-
gether to guarantee a maximum level of optimization e�ectiveness.

9.1 Accurate robot integration

In this work, several parts of the robot system were identi�ed or adjusted,
using a high level of exactness by support of the 3D laser tracker (�gure 89).
I used the identi�cation on the one side and the - if possible - improvement
or compensation of the identi�ed robot system parts on the other side for
creation of minimum robot accuracy in�uences for the following steps.



9 CONTRIBUTIONS 164

Base frame 
identification

Tool 
identification

Alignment 
identification

Gear factor 
calibration

Figure 89: Contribution facets of robot optimization

9.1.1 Tracker aided tool identi�cation

A common way to analyse the robots tool transformation is to move the
robot to one �xed 3D-coordinate, using di�erent tool orientations, respec-
tively arm con�gurations. The used �xed position can be a peak, to which
the robot tool - in most cases also a mounted peak - is moved to. If the robot
tool peak hits the �x position peak, the robot user saves the position of the
current tool position for the later calculation by the robot integrated routine.

In subchapter 4.4, I did an improved method of this procedure. Neither
a tool peak nor a �xed point peak was used to �nd the positions for the
tool calculation. Using a measured point coordinate by the laser tracker, the
re�ector was mounted at the robot tool. After this, I moved the robot, so
that the re�ector was in the same 3D-coordinate again. I repeated this with
all other needed points for the TCP calculation.

Using the laser trackers 3D-coordinates for reaching a desired position for
the calculation of the tool transformation, is a more accurate way then the
common peak-to-peak method., because the displayed deviations between
current and desired re�ector position are in the resolution range of 0.1 mm.
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9.1.2 Gear factor calibration

The gear factor o�set of the used linear track is in�uencing the exactness
in measurement of the moved distance by the track skid on which the robot
is mounted (see subchapter 4.2.3). A correction of the gear factor setting,
integrated in the robot control avoids a de�ection of the robots tool center
point position depending on the current linear track position. During robot
analyzations and improvements used for this thesis, I made an analyzation
and correction of the gear factor error by measurement of the real moved
distance of the linear track to the commanded distance set in the robot
control. By this, I obtained that the linear increasing error during movements
on the track skid caused by an incorrect gear factor was compensated.

9.1.3 Alignment identi�cation

The correct integration of the movement direction of the linear track in the
robots base frame is the base for an exact linear track pro�le identi�cation, see
subchapter 4.3. For improvement of this integration, I used highly accurate
measurement data of the linear track direction. Based on this measurements,
the alignment of the robot base frame to the track direction can be calculated
more exactly than using the robot integrated calculation routine.

9.1.4 Base frame integration

An exact identi�cation of the robots base frame is a signi�cant step for im-
provement of the application accuracy and one of the in subchapter 3.3.1
mentioned primary in�uences. The base frame identi�cation mentioned in
3.5.1, using multiple di�erent robot TCP positions with following least-
square-�tting algorithm, is used for the analysis of the linear track and is
providing a powerful method for workobject identi�cation.



9 CONTRIBUTIONS 166

9.2 Linear track modeling

The basis for the main contribution of this work, is the analyzation and
modeling of the linear track. Figure 90 is presenting the parts of which my
contribution for linear track modeling consists of.

Continuous 
track 

description

Geometry 
interpolation

N-frames 
method for 

measurement

Robot 
influence 
detection

Figure 90: Facets of linear track optimization

N-frames method
The change from discrete 3D-measurements to a continuos 6D-description
of the linear track I reached by a new method, using the identi�ed base
frames of the robot. In each �x sampling position of the skid on the track,
I measured the robot in 10 di�erent TCP positions (subchapter 4.3.2). This
measurement data was used to calculate each robot base frame as input data
for a cubic spline interpolation.

Geometry Interpolation
Needed for the continuous description, I interpolated the linear track geom-
etry between the measured sampling positions (coordinate frames) in sub-
chapter 4.6. An usable interpolation method was choosen and used for con-
struction of the mathematical track description.
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Continuous description
I obtained a continuous description by a new special technique for measure-
ment (subchapter 4.3) and calculation of the track pro�le , depending on the
current skid position. Due to the mathematical model of the track, I made
it possible to describe the track deviation at an arbitrary skid position.

Robot in�uence detection
One big advantage of my new way of linear track modeling is the integration
of the robots in�uence on the linear track deformations. Common techniques
of linear track analyzation are not taking proper consideration to this in�u-
ence. Due to the smaller gap between mathematical model and practical
behavior, I obtained to enhance simulations of the robot application cells,
needed for easier o�ine program construction.
While measuring the same TCP movement positions on di�erent skid posi-
tions, the robot was used in his repeating accuracy, which is normally up to
10 times better than its absolute uncertainty. Disregarding the error in�u-
ence of the repeating accuracy, for the measurements the robot is taken as a
quasi rigid body.
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9.3 Automated accuracy analyzation

For an easy identi�cation of the robots static and dynamic accuracy, a pro-
gram written in C++ was developed to work as an automated analyzation
tool. The basis idea of this tool is to release the user from an exhausting eval-
uation of huge amounts of measurement data during quasi-continous scans of
the robots TCP using sampling rates up to 1000 measurements per second.
Figure 91 is showing the most important contributions, coming with this new
software.

Static & 
dynamic 
analysis

Multiple 
different 
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Automated 
analyzation

Objective & 
efficient 

documentation

Figure 91: Contribution facets of accuracy analyzation

This tool is currently used by a big german car manufacturer for check-
ing industrial robots during a pre-buy test. It is adapted to the special needs
of car manufacturers to enable a professional automated and objective test
routine for proo�ng the features promised by the robot manufacturers.

Multiple di�erent trajectories
Besides of its main focus to straight movements, I realized additionally the
analyzation of certain movement trajectories which are commonly used in
automotive industry.
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Static & dynamic analysis
An integrated analyzation of the static accuracy and even of the dynamic
accuracy gives a new contribution to this software by realizing one complete
software tool for all needed performance tests in evaluation phase.

Objective & e�cient documentation
Due to the automated process of result and performance calculation during
robot analyzation, I created an objective and easy-to-use system for the ap-
plicator. By this, the needed time for robot performance tests is decreased
signi�cantly.

Automated anayzation
The automated process of result documentation data is giving a possibility
of batch creation of presentable material. There is no need for manual data
adaption or preparation. Integrating numerical and graphical results of the
analyzation, methods for improving the readability of the documentation are
giving a new approach in taking rapid predictions about the quality of an
industrial robot.
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9.4 O�ine track compensation

The main contributions of this thesis are represented by the o�ine robot
program correction based on a compensation of the linear track (�gure 92).
This correction is an unique feature and is improving massively the appli-
cation accuracy. Based on the track analyzations which were developed in
this thesis, the continuos mathematical description of the linear track can
be used to generate the needed correction vectors to compensate the linear
track error in�uence.

Arbitrary skid 
position

Track influence 
compensation

6D-correction Program or 
TCP correction

Figure 92: Important Parts of the o�ine track compensation

Track in�uence compensation
Based on the calculated model of the linear track, I was able to compensate
the linear track error in�uence on the robots TCP (see subchapter 4.7.2).
The resulting error minimization occurring after base frame identi�cation,
can be seen in table 8.

6D-correction
I obtained a track compensation in all six degrees of freedom by correction
vectors represented in a 6-dimensional format (subchapter 7.3.4) to enable
cartesian correction in x, y and z, but also an orientation correction in α, β
and γ.
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Arbitrary skid position
Including the robot in�uence on the track, a correction vector for an arbi-
trary robot skid position on the track can be calculated. For this, I realized
an independence of the correction algorithm to the current position of the
skid (see subchapter 7.3.3).

Program or TCP correction
The practical correction of the robot programs can be done in an o�ine way
by modi�cation of the program point coordinates or by an online correction
during movement of the robot. While correcting the robot in online mode,
the current robot TCP position is corrected using special features supplied
by the robot control like correction o�set register or base frame shifts for
example.

In general, the correction of the robot TCP positions and therefore the op-
timization of the robot programs is a further step to reach a higher level of
�exible automation (see results in subchapter 7.3.5). By reduction of the de-
viations between theoretical model and practical application of the robot, a
higher level of o�ine robot programs is possible to generate. This higher level
results in an easier adaption and on-site integration of the robot programs
and a signi�cant reduction in time and money.
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9.5 Program mirror optimization

As an additional step for the creation of minimum e�ort during setup phase
of modern robot applications, the transference of already corrected programs
to other robots is one of the contributions of this thesis. Once corrected an
o�ine created robot program regarding the current linear track pro�le, this
program can normally not be copied or mirrored to other robots on di�erent
linear tracks.

Program re-calculation

Program re-
calculation

Unique 
correction sets

Program 
creation 

serialization

Integration of 
online 

corrections

Figure 93: Contributions in optimizing the copy and mirror process

Using the new method which I realized in this thesis and which is presented
in chapter 8, it is now possible to convert a robot program down to a "zero-
corrected" program by inverse application of the track pro�le corrections.

Unique correction set
Adapted to each robot particularly, I realized an unique set of correction val-
ues integration the track compensation (subchapter 8.3). After transference
of this programs to the next robot, the unique corrections values, can be
applied.

Integration of online corrections
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With this method, I obtained the possibility to copy and mirror even online-
corrected robot programs including their linear track geometry. By this, it
is now possible to copy a program after online correction to another robot
with di�erent linear track pro�le (see linear track part in subchapter 8.1).

Program creation serialization
The mirroring optimizations which I developed are the basis of an e�cient
serial creation of robot programs for usage in parallel robot applications to
increase the production output. Time consuming online teaching processes
and the resulting setup time for the robot application can now be reduced
to lower lever.
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10 Conclusion and further work

The improvement of the various parts of the robot application is causing
in decreased uncertainty of the TCP position. This is minimizing the gap
between theoretical model included in the CAD-system and real behavior of
the robot.

Resulting the amount of robot positions, which have to be corrected manu-
ally during setup of the application is reduced signi�cantly. This is a crucial
and important step into the direction of automated robot program creation,
which is a demand of �exible automation.

Further steps which are going along with the ideas and contributions of this
thesis are the automated correction of the remaining o�ine created points,
which are not usable for real application even after �rst correction. Using
the laser tracker device for checking the current TCP position and its desired
position on the object, is one possible realization of a fully automated system
for o�ine-to-online adaption.

First prototype implementations of this system are already done and will
be published after this thesis.

As a �nal conclusion, the correction methods for o�ine programs presented
in this thesis, are completing the current state of the art in modern industrial
robotics with a powerful and time-saving strategy for pushing the application
e�ciency.



Annex 1

Technical data of the LTD800

Device dimensions Sensor: 220 x 280 x 875 mm
Controller: 510 x 485 x 200 mm

Weight Sensor: 34.1 Kg
Controller: 17 Kg

Measurement principle Two independent high-accurate
angle encoders for horizontal and
vertical angle encoding.
High resolution laser interferome-
ter for distance measurement.

Tracking speed Across beam direction:
Target speed: ≤ 4 m/s
Acceleration: ≤ 2g
Along beam direction:
Target speed: ≤ 6 m/s
Acceleration: ∞

Maximum range ≤ 40 m in radius
±235◦ horizontal
±45◦ vertical

Measurement rate ≤ 3000 points / sec measurement
≤ 1000 points / sec output

Environment conditions Temperature: +0◦C - +40◦C
Humidity: 10 - 90% (non-
condensing)
Altitude: 0 - 5000 m

Table 11: Technical facts of Leica Laser Tracker LTD800

I



Measurement accuracy

Interferometer

Distance resolution 1,26 µm
Absolute uncertainty ±0,5 µm/m

additional birdbath uncertainty: 10 µm
Repeatability ± 5 µm/m

Table 12: Interferometer accuracy of LTD800

Angle encoder

Angular resolution 0.14 arc sec
Absolute uncertainty ± 25µm (non-moving target 0 - 2,5 m

distance)
Repeatability ± 12 µm (0 - 2,5 m distance)

Table 13: Angular uncertainty of LTD800

II
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